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Double Descent: Main message

← Interpolation threshold

Model complexity (number of parameters)

Test risk

Every interpolating linear model is sensitive to
label noise around the interpolation threshold.
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Setting (slightly simplified)

‘Ridgeless’ linear regression in feature space with p features and n samples:
. Inputs x1, . . . ,xn ∈ Rd i.i.d., yi = f(xi) + εi with centered i.i.d. label noise εi

. Given a feature map φ : Rd → Rp, compute

f̂Xtrain,ytrain(x) = β̂
>
φ(x), β̂ = φ(Xtrain)+︸ ︷︷ ︸

pseudoinverse

ytrain .

. Expected excess risk: E(f) := EXtrain,ε,xtest

(
f(xtest)− f̂Xtrain,f(Xtrain)+ε(xtest)

)2

. Lower bound: Enoise := E(0) = minf :Rd→R E(f)
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A lower bound (simplified)
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Lower bound

Assume that Var(εi) ≥ σ2 and that p points can be interpolated almost surely. Then:
. Underparameterized case p ≤ n: Enoise ≥ σ2 p

n+1−p

. Overparameterized case p ≥ n: Enoise ≥ σ2 n
p+1−n
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When are the assumptions satisfied? (1)
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sigmoid NN (empirical)
tanh NN (empirical)
GELU NN (empirical)
softplus NN (empirical)
Lower bound

. Random deep NN feature map with non-polynomial analytic activation function

. Input x with non-atomic distribution (every point has probability zero)
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When are the assumptions satisfied? (2)
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RFF (cos with bias, empirical)
RFF (sin and cos, empirical)
Lower bound

. Random Fourier features for kernel with continuous spectrum

. Input x with non-atomic distribution (every point has probability zero)
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When are the assumptions satisfied? (3)
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Polynomial kernel (empirical)
Lower bound

. Polynomial kernel k(x, x̃) = (〈x, x̃〉+ c)m, c > 0, with p :=
(m+d

m

)
. Input x with (Lebesgue) density
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When are the assumptions satisfied? (4)
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sigmoid NTK (empirical)
tanh NTK (empirical)
GELU NTK (empirical)
softplus NTK (empirical)
Lower bound

. Simple computational verification for analytic random feature maps

. Here: Finite-width NTK, input x with (Lebesgue) density
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Remarks

. Lower bound is asymptotically sharp for n, p→∞, p/n→ γ ∈ (0,∞)

. Key takeaway: Cannot prevent Double Descent by engineering the feature map
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