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Problem Statement

Given two probability distributions P and Q on X = Y = RD ,

fit a generative map g : X → Y such that g ◦ P = Q.
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When X = Y = RD?

• Latent Space Generative Mapping

• Image-To-Image Translation
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Which Mappings to Consider?

Cycle Monotonicity of g : RD → RD :

for all distinct points x1, . . . xN ∈ X (xN+1 = x1)

N∑
n=1

〈g(xn), xn − xn+1〉 ≥ 0.

Well-structured and invertible generative mapping g !
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Existince and Uniqueness

Under mild assumpions1 on P,Q cycle monotone map

• Exists and is Unique!

• Is a gradient g = ∇xψ(x) of a convex function ψ : RD → R!

1Robert J McCann et al. (1995). “Existence and uniqueness of monotone

measure-preserving maps”. In: Duke Mathematical Journal 80.2, pp. 309–324.
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The Idea

Approximate convex function ψ(x) : RD → R by neural nets!

• ψθ : RD → R – deep input convex neural network2 (ICNN);

• gθ = ∇xψθ : RD → RD - generative mapping.

2Brandon Amos, Lei Xu, and J Zico Kolter (2017). “Input convex neural networks”.

In: Proceedings of the 34th International Conference on Machine Learning-Volume 70.

JMLR. org, pp. 146–155.
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Wasserstein-2 Distance

The optimal quadratic transport cost for (P,Q) is given by

W2
2(P,Q) = min

g◦P=Q

∫
X

‖x − g(x)‖2

2
dP(x).

The cycle monotone mapping attains its optimum!

g∗ = argmin
g◦P=Q

∫
X

‖x − g(x)‖2

2
dP(x)
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Dual Form of Wasserstein-2 distance3

W2
2(P,Q) = − min

ψ∈Conv

[ Corr(P,Q|ψ,ψ)︷ ︸︸ ︷∫
X
ψ(x)dP(x) +

∫
Y
ψ(y)dQ(y)

]
+ Const(P,Q)

ψ(y) = max
x

(
〈x , y〉 − ψ(x)

)
Optimal Convex Potential ψ∗ ⇔ Optimal Generator g∗ = ∇xψ

∗(x)

Optimize Corr(P,Q|ψθ, ψθ)

to get potential ψθ ≈ ψ∗ and generator gθ = ∇xψθ ≈ g∗!

3Cédric Villani (2008). Optimal transport: old and new. Vol. 338. Springer Science

& Business Media.
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Optimization of Regularized Correlation

Problem: how to backpropagate through the conjugate ψθ?

Our solution:

1. Approximate ψ,ψ by two separate ICNNs ψθ, ψω;

2. Impose cycle-consistency regularizer to keep them being conjugate!

RY(ψθ, ψω) =
1

2

∫
Y
‖∇ψθ ◦ ∇ψω(y)− y‖2dQ(y)

3. Optimize regularized correlation (λ > 0) w.r.t. θ, ω via SGD!

min
θ,ω

Corr(P,Q | ψθ, ψω;λ) =

min
θ,ω

[
Corr(P,Q | ψθ, ψω) + λRY(ψθ, ψω)

]
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Theoretical Guarantees

Informal formulation:

approximation of correlation ≡ searching for a generative map

Corr(P,Q | ψ†, ψ‡;λ) ≤ Corr(P,Q|ψ∗, ψ∗) + Θ(ε)

is equivalent to

W2
2(∇ψ† ◦ P,Q) ≤ Θ(ε)

∧
W2

2(∇ψ‡ ◦Q,P) ≤ Θ(ε)
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Experiments: Gaussian Optimal Transport

Gaussian Setting: P,Q = N (µP,ΣP),N (µQ,ΣQ)

Metric:

L2-UVP(T ) = 100 · ‖T −∇ψ
∗‖2

P
Var(Q)

%

Dim 2 4 8 16 32 64 128 256 512 1024 2048 4096

LSOT < 1 3.7 7.5 14.3 23 34.7 46.9 > 50

MM-1 < 1 < 1 < 1 < 1 < 1 1.2 1.4 1.3 1.5 1.6 1.8 2.7

MM-2 < 1 < 1 < 1 < 1 < 1 < 1 1 1.1 1.2 1.3 1.5 2.1

W2GN (ours) < 1 < 1 < 1 < 1 < 1 < 1 1 1.1 1.3 1.3 1.8 1.5
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Experiments: Latent Space Optimal Transport

Method FID

AE: Dec(Enc(X )) 7.5

AE Raw Decode: Dec(Z) 31.81

W2GN+AE: Dec(g†(Z)) 17.21

WGAN-QC : Gen(Z) 14.41
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Experiments: Unpaired Image-to-image Style Transfer

2 networks, non-minimax optimization

ψθ, ψω are Convolutional Input Convex Neural Networks
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Experiments: Unpaired Image-to-image Style Transfer

128× 128 image crops

Winter2SummerYosemite dataset
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Conclusion

Wasserstein-2 Generative Networks

We will be at Poster Session 1, ID: 2987, May 3, 1-3 a.m. (PDT)

A novel end-to-end parametric method to compute optimal transport

maps between continuous distributions without introducing bias or

resorting to minimax optimization.

github.com/iamalexkorotin/Wasserstein2GenerativeNetworks
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