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Fully-connected (FC) layers are pervasive

Zhang et al. Dive into Deep Learning 
https://d2l.ai/chapter_linear-networks/softmax-regression.html
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FC layers are heavily parameterized

Parameterization 
cost: 

Zhang et al. Dive into Deep Learning 
https://d2l.ai/chapter_linear-networks/softmax-regression.html
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FC layers with quaternions
• Quaternion: 4-dimensional hypercomplex number with one real 

component and three imaginary components 

• FC layers with quaternions: replace real-valued matrix multiplications in 
FC layers with Hamilton products of quaternions 


• Hamilton product: (multiplication of two quaternions Q and P):




FC layers with quaternions 
has 1/4 parameters

Tay et al. Lightweight and Efficient Neural Natural Language Processing with Quaternion Networks (ACL’19)

By re-using parameters 4 
times via Hamilton Products



We propose to parameterize hypercomplex 
multiplications

• Hypercomplex multiplication rules only exist at very few predefined 
dimensions (4D, 8D, and 16D)


• We learn multiplication rules from data regardless of whether such rules 
are predefined


• We provide more architectural flexibility using arbitrarily  learnable 
parameters compared with the FC layer counterpart

1/n



We propose parameterized hypercomplex 
multiplication (PHM) layers with  parameters 

 
1/n

By re-using parameters  times via 
sum of  Kronecker Products

n
n

Parameterization 
cost: 



PHM layers subsume hypercomplex multiplications 
and real-valued matrix multiplications

Hamilton product

by PHM layers

PHM layers can learn

to perform existing

multiplication rules



PHM-LSTM and PHM-transformer replace FC 
layers or matrix multiplications with PHM layers

PHM-LSTM

PHM-transformer

Single-head self-attention:

Multi-head aggregation:

Position-wise FFN:



PHM layers can reduce parameters and improve performance 
with flexible choices of  for LSTMs on NLI tasksn



PHM layers can reduce parameters and improve performance 
with flexible choices of  for transformers on NMT tasksn



PHM layers do not increase much computational 
cost in practice



PHM layers can reduce parameters and improve performance 
with flexible choices of  for transformers on more tasksn

Text style transfer Subject verb agreement



Summary

• Parameterized hypercomplex multiplication (PHM) layers learn 
multiplication rules from data using arbitrarily  parameters compared 
with the fully-connected layer counterpart


• PHM layers can improve LSTMs and transformers on multiple NLP tasks

1/n


