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Motivation
We can make Predictions from

� physics using
PDEs/Structure Form

� data using Machine Learning

Yiping Lu Statistical Numerical PDE 2 / 59



Examples
We can estimate the drift
from a single path of
diffusion via solving the
PDE

1
2
��� f .r��div(f )� = 0,

from random sample of �.

[1] Maximum-likelihood estimation for diffusion processes via closed-form density expansions. AOS, 2013.

[2] Nonparametric statistical inference for drift vector fields of multi-dimensional diffusions. AOS, 2020.

[3] Semiparametric estimation of McKean-Vlasov SDEs, arXiv:2107.00539.
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Example: High Dimensional PDE
High Dimensional PDE is hard to solve.

� Han J, Jentzen A, Weinan E. Solving high-dimensional partial
differential equations using deep learning. Proceedings of the
National Academy of Sciences, 2018, 115(34): 8505-8510.

� Han J, Hu R. Deep fictitious play for finding Markovian Nash
equilibrium in multi-agent games Mathematical and Scientific
Machine Learning. PMLR, 2020: 221-245.

� Shi X, Xu D, Zhang Z. Deep Learning Algorithms for Hedging
with Frictions. arXiv preprint arXiv:2111.01931, 2021.

Potential Application: High dimensional control problem.
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Example: PDE-Net

Idea: Convolution filters = Differential operator

[1] Long Z, Lu Y, et al. Pde-net: Learning pdes from data, ICML 2018.
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Example: PDE-Net

Bu

Bt
= c�u + fs(u)

loomoon

unknown source

Aim: Predict the dynamic and source of
population at the same time.

[1] Long Z, Lu Y, et al. Pde-net: Learning pdes from data, ICML 2018.
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Example: PDE-Net

Question: Can we learn the filters?
Idea: Differential cancels low order
polynomials

Momentum Condition

For all |�|   |�| and |�| =
|�| but � �= �

‚

kPZ2

k�q[k ] = 0

Blue: Frozen, Orange: Learn Filters

Learning filters gives a stable
numerical scheme.

[1] Long Z, Lu Y, et al. Pde-net: Learning pdes from data, ICML 2018.

Yiping Lu Statistical Numerical PDE 7 / 59




	Problem Formulation
	Lower Bound
	Upper Bound
	Empirical Risk Minimization
	Gradient Descent


