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Background

• Data-dependent PAC-Bayes bound

• PAC-Bayes bound: Generalization gap is bounded by KL divergence between prior and posterior

• Data-dependent PAC-Bayes bound: Use data-dependent PAC-Bayes prior
• Partition training 𝒮 into 𝒮ℙ and 𝒮ℚ
• Pre-train a ℙ𝒟 with 𝒮ℙ (Therefore, ℙ𝒟 and 𝒮ℚ are independent.)
• Fine-tuning ℚ with entire dataset 𝒮.

<latexit sha1_base64="0fOhK+Uw2PjQWa3dwlm09D4NvWY="></latexit>

errD(Q)  errS(Q) +

s
KL[QkP] + log(2

p
N/�)

2N

<latexit sha1_base64="B+qECs1sRNnoMn188cNLIEIWGe4="></latexit>

errD(Q)  errSQ(Q) +

s
KL[QkPD] + log(2

p
NQ/�)

2NQ

Independent



Background

• Invariance of generalization bounds for function-preserving transformations

• Function-preserving scaling transformations (FPST)
• Scale transformation (diagonal matrix) of parameters that preserves function

• Practical examples
• 1) Rescaling transformation of positive homogeneous (e.g., ReLU) NNs

• 2) Weight decay (WD) with Batch Normalization (BN) layers
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Background

• Invariance of generalization bounds for function-preserving transformations

• Existing sharpness metric are vulnerable to FPSTs.

• Dinh et al. (2017) showed the vulnerability of sharpness to rescaling transformations.
• Rescaling two successive layers can arbitrarily sharpens NNs with preserving functions.

• Li et al. (2018) showed the vulnerability of sharpness to weight decay.
• WD improves generalizability, but sharpens NNs.

• Prior works focused only on the scale-invariance of sharpness metrics (and not generalization bounds)

• G-bounds of Tsuzuku et al. (2020) and Kwon et al. (2021) include scale-dependent terms.

• G-bounds of Petzka et al. (2021) only holds for single-layer NNs.



Key Idea – Modification of Jacobian

• Many sharpness metrics / generalization bounds are based on the Jacobian. 

• Hessian, Fisher, and Gauss-Newton (GN) matrix: (Jacobian) (Jacobian)T

• Neural Tangent Kernel (NTK): (Jacobian)T (Jacobian)

• However, Jacobian w.r.t. parameter is not invariant to FPST.

• To mitigate this issue, we consider Jacobian w.r.t. connectivity.
• Note that we relax the binary constraints of connectivity for differentiable formulation.
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Key Idea – Design of PAC-Bayes prior and posterior

• Apply Bayesian Linear Regression for PAC-Bayes prior and posterior

• PAC-Bayes prior: Isotropic Gaussian distribution centered at pre-trained parameter

• PAC-Bayes posterior: Posterior of Bayesian Linear Regression given PAC-Bayes prior

where

• Check Appendix D for the detailed derivation!
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Theoretical results

• PAC-Bayes-CTK and its invariance

• Perturbation term relates to the Complexity Measure of Data (CMD) term of Arora et al. (2019).

• Sharpness term is positively correlated to the eigenvalues of CTK.

• Each term in PAC-Bayes-CTK is invariant to FPST.



Empirical results

• Invariance of PAC-Bayes-CTK

• The tightness of PAC-Bayes-CTK is not changed by FPSTs.



Empirical results

• Robustness to the selection of prior scale.

• Standard Linearized Laplace (LL) is sensitive to the prior scale (𝛼) and has different optimal sharpness 
for each metric.

• Our PAC-Bayes posterior, called Connecitivity Laplace (CL), was robust to the prior scale and consistent 
between metrics.



Conclusion

• Our contribution is threefold:

• We introduced a novel PAC-Bayes bound guarantees invariance for FPSTs with a broad class of 
networks. We empirically verify this bound gives tight results for ResNet with 11M parameters.

• Based on the sharpness term of our bound, we provided a low-complexity sharpness metric, called 
Connectivity Sharpness. 

• To prevent overconfident predictions, we showed how our PAC-Bayes posterior can be used to solve 
pitfalls of WD with BNs, proving its practicality.


