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Q: What internal mechanism does Transformer use to reason?

Reasoning abilities of LLMs
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Code completionLogical reasoning Math

Wrong Answer



How Transformers reason
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Q: What internal mechanism do Transformers use to reason?

Theory: how can Transformers reason?
… representation

Empirics: how do Transformers reason?
… optimization, generalization

TL;DR: Transformers reason with shortcuts.
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Reasoning through the lens of automata
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Example: which face of the coin is up?

Automaton 𝒜: a discrete-time dynamical system*

𝒜 = 𝑄, Σ, 𝛿 𝑞! = 𝛿 𝑞!"#, 𝜎!
states inputs transitions

𝑄 =  {head-up              tail-up             }

Σ =  {flip                       do nothing     }

𝛿 =  {face changed     unchanged}

/even /odd

/1 /0

The coin shows heads.

parity counter

Alice flips it.

Bob doesn’t flip it.

Eve flips it.

Now the coin shows ___.

*This subsumes tasks in prior work such as Bhattamishra et al. 20 and Yao et al. 20.



Reasoning = simulating automata
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Simulating𝒜 = learn a seq2seq function for sequence length 𝑇.

• Input = 𝜎#, 𝜎$, ⋯ , 𝜎% ∈ Σ,  output = 𝑞#, 𝑞$, ⋯ , 𝑞% ∈ 𝑄.

Example: two solutions to simulate parity

𝑞! 𝑞" 𝑞#𝑞$

𝜎! 𝜎" 𝜎# 𝜎%

… 𝑞% 𝑞%

𝜎%𝜎! 𝜎" 𝜎#𝑞$

Parallel solution:Iterative solution:

Shortcut 
𝑜(𝑇) #steps

“RNN solutions” “Transformer solutions”

𝑞! = 𝛿 𝑞!"#, 𝜎! = 𝑞!"#⊕ 𝜎! 𝑞! = ∑$%! 𝜎$ mod 2

𝒜 = 𝑄, Σ, 𝛿 ,
𝑞! = 𝛿 𝑞!"#, 𝜎! .



Algebraic structure of 𝒜
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Goal: compute 𝑞! = 𝛿 ⋅, 𝜎! ∘ ⋯ ∘ 𝛿 ⋅, 𝜎# (𝑞5), 𝑡 ∈ [𝑇].

Transformation semigroup 𝒯 𝒜 ≔ 𝛿 ⋅, 𝜎 ∶ 𝜎 ∈ Σ under composition.
• Function composition (      matrix multiplication): associative

𝒜 = 𝑄, Σ, 𝛿 ,
𝑞! = 𝛿 𝑞!"#, 𝜎! .

cyclic group 𝐶$

𝒯 𝒜

𝑞# = 𝛿 ⋅, 𝜎# ∘ ⋯ ∘ 𝛿 ⋅, 𝜎$ 𝑞%

𝑒&! =
1 0
0 1

0 1
1 0 ⋯ 0 1

1 0 𝑒&"

function composition

matrix multiplication



Algebraic structure of 𝒜
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Goal: compute 𝑞! = 𝛿 ⋅, 𝜎! ∘ ⋯ ∘ 𝛿 ⋅, 𝜎# (𝑞5), 𝑡 ∈ [𝑇].

𝒜 = 𝑄, Σ, 𝛿 ,
𝑞! = 𝛿 𝑞!"#, 𝜎! .
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mod-5 counter

Transformation semigroup 𝒯 𝒜 ≔ 𝛿 ⋅, 𝜎 ∶ 𝜎 ∈ Σ under composition.
• Function composition (      matrix multiplication): associative



Reasoning with shortcuts
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𝜎!:#𝑞!
𝑞"

𝑞$ 𝜎! 𝜎" 𝜎# 𝜎%

𝑞#

𝑞%

…

…

𝜎! 𝜎" 𝜎# 𝜎%𝜎&𝑞$

𝑞%

𝜎$:%

𝜎$:#

……

…
𝜎$:&

iterative state emulation 🐢 multiscale function composition🐇 global features via algebraic structure 🦅

𝑞%

𝜎%𝜎! 𝜎" 𝜎#𝑞$ …

Σ mod 2

[ This only applies to solvable𝒜 ]

# steps = 𝑇
no structure required

# steps = 𝑂(log 𝑇)
associativity

# steps = 𝑂|5|(1)
Krohn-Rhodes theory

• # steps = number of sequential steps, i.e. the length of the longest path in the computation graph.
This is the same as the number of Transformer layers.

• Special case: # steps = 𝑂(1).

efficiently represented by RNNs efficiently represented by shallow Transformers

𝑞! = 𝛿 ⋅, 𝜎! ∘ ⋯ ∘ 𝛿 ⋅, 𝜎" (𝑞#)



Empirical results
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Transformers can learn shortcuts to automata. But do they in practice?

Transformer (seq2seq model)
with standard training

𝝈𝟏..𝑻
01101100

Q1: Does SGD on Transformers find the shortcuts?

Q2: Does SGD work when there’s limited supervision?

Q3: Do shortcuts generalize?

Q4: Can we guide Transformers to learn iterative solutions?

Yes!

Up to some point.

Yes, but brittle OOD.

Yes!

Setup: a variety of synthetic tasks; models train to predict 𝑞! given 𝜎#..!.

𝒒𝟏..𝑻
01001000



Transformers Learn Shortcuts to Automata

TL;DR: Shallow Transformers can simulate 𝒜 = (𝑄, Σ, 𝛿).

• Theory: for any length 𝑇, Transformers with 𝑜(𝑇) layers suffice.
• All 𝒜:  𝑂 log 𝑇 layers: divide-and-conquer.

• This is also the lower bound for the general case.

• All solvable 𝒜:  𝑂 𝑄 . log |𝑄| layers: Krohn-Rhodes Theory.
• Special case: 𝑂 1 -layer simulation.
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• Empirical study: Transformers do find shortcuts in practice.
• Benefit: parallel computation steps ≪ reasoning steps.
• Weakness: the shortcuts are brittle OOD, hallucination.

arxiv: 2210.10749
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