
PolyGCL: GRAPH CONTRASTIVE 
LEARNING via Learnable Spectral 

Polynomial Filters

Jingyu Chen, Runlin Lei, Zhewei Wei*

Contact: zhewei@ruc.edu.cn

mailto:zhewei@ruc.edu.cn;


2

Motivation

 Graph Contrastive Learning (GCL)

 Graph self-supervised learning: without label 𝑦, only 𝐀 & 𝐗. 

 Output embeddings 𝐙 for downstream tasks.

 Classical GCL paradigms:

 BCE-based: DGI [Veličković et al., 2019]
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 InfoNCE-based: GRACE [Zhu et al., 2020b]
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 Invariance-keeping: CCA-SSG [Zhang et al., 2021]
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Motivation

 Spectral GNNs

 Monomial base: 𝒀 = ∑𝑘=0
𝐾 𝛾𝑘𝑯

𝑘 , 𝑯(𝑘) = ෩𝑷𝑯(𝑘−1)

 Chebyshev base: 𝐘 =
2

𝐾+1
∑𝑘=0
𝐾 𝑤𝑘𝑇𝑘 ෡𝑳 𝑿, 𝑇𝑘(ƶ𝐋) = 2ƶ𝐋𝑇𝑘−1(ƶ𝐋) − 𝑇𝑘−2(ƶ𝐋)

 A natural idea: Can we incorporate the excellent properties of spectral 

polynomial filters into graph contrastive learning?
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Spectral GNNs in 

supervised settings.

Plug in GCL setting 

directly?
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Model: PolyGCL

 Encoder

 ChebNetII [He et al., 2022]


ƿ𝐋 = 𝐈 − ƿ𝐀 = 𝐈 − 𝐃−1/2𝐀𝐃−1/2, 𝜆 ∈ 0, 2 ;


ƶ𝐋 =

2ƿ𝐋

𝜆max
− 𝐈, ƶ𝜆 ∈ −1,1 ;

 Reparameterize coefficient 𝑤𝑘 = ∑𝑗=0
𝐾 𝛾𝑗𝑇𝑘 𝑥𝑗

 𝑥𝑗 = cos( 𝑗 + 1/2 𝜋/(𝐾 + 1) is the Chebyshev Node.

 𝛾𝑗 is the learnable parameter, corresponding to filter value ℎ(𝑥𝑗).

 Decoupling low-pass and high-pass:

 Prefix sum: 𝛾𝑖
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Model: PolyGCL

 Optimization

 Final embedding via linear combination 

 𝐙 = 𝛼𝐙𝐿 + 𝛽𝐙𝐻

 Binary Cross-Entropy (BCE) Loss

 ℒBCE =
1

4𝑁
∑𝑖=1
𝑁 log 𝒟 𝐙𝐿

𝑖 , 𝐠 + log 1 − 𝒟 ƿ𝐙𝐿
𝑖 , 𝐠 + log 𝒟 𝐙𝐻

𝑖 , 𝐠 + log 1 − 𝒟 ƿ𝐙𝐻
𝑖 , 𝐠

Global summary

𝐠 = Mean(𝐙) =
1

𝑁
∑𝑖=1
𝑁 𝐙𝑖

𝐗

P
o
ly

𝐋

P
o
ly

P
o
ly

High-pass

Low-pass

ℎ(𝜆)

ℎ(𝜆)

ℎ(𝜆)

ℎ(𝜆)

ℎ(𝜆)

ℎ(𝜆)

……

……

ℎ(𝜆) ℎ(𝜆) ℎ(𝜆)

……

Linear

Combination

𝑁 × 𝑑

𝑁 × 𝑑

1 × 𝑑
Pooling

Contrast

Contrast



6

Revisit GCL From The Spectral View

 Graph filtering in GCL

 Step 1:  𝐙 = 𝐔𝑔(𝚲)𝐔𝑇𝐗 ; 

 Step 2:  𝜎(MLP(𝐙)).

 Spectral Regression Loss (SRL)

 EvenNet [Lei et al., 2022]

 𝐿(𝒢) = ∑𝑖=0
𝑁−1 𝛼𝑖

𝑁
−

𝑔 𝜆𝑖 𝛽𝑖

∑𝑗=0
𝑁−1𝑔 𝜆𝑗

2
𝛽𝑗
2

2
, where 𝜶 = 𝐔⊤Δ𝒚 and 𝜷 = 𝐔⊤𝐗.

Theorem 1 [Informal]

For the low-pass filter 𝑔low = 𝑐 −
𝑐

2
𝜆∈[0, c] and the high-pass filter as 

𝑔high =
𝑐

2
𝜆∈[0, c], then a linear combination of the low-pass and high-pass filter 

𝑔joint = 𝑥𝑔low + 𝑦𝑔high , 𝑥 ≥ 0, 𝑦 ≥ 0, 𝑥 + 𝑦 = 1 achieves a lower expected 

SRL upper bound than 𝑔low in heterophilic settings.
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Theoretical Analysis

 ℒBCE =
1

4𝑁
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𝑖 , 𝐠 + log 1 − 𝒟 ƿ𝐙𝐿
𝑖 , 𝐠 + log 𝒟 𝐙𝐻

𝑖 , 𝐠 + log 1 − 𝒟 ƿ𝐙𝐻
𝑖 , 𝐠
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pos

∥ 𝑃𝐿
neg

+ 2𝐽𝑆 𝑃𝐻
pos
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− 4log 2

 Corollary 2 [Informal]. The downstream classification error bound on learned 

representation 𝐡𝑎𝑔𝑔 is lower than both the error upper bound of the low-pass and high-

pass representations, 𝐡𝑙𝑜𝑤 and 𝐡ℎ𝑖𝑔ℎ .

Theorem 2 [Informal]

Denote ℰ𝐿 · and ℰ𝐻 · as the low-pass polynomial filter and high-pass 

polynomial filter respectively. Let 𝐙𝑖
(𝑘)

be the k-hop neighboring embedding set 

of node 𝑖, 𝐡𝑖
𝐿 = ℰ𝐿 𝐙𝑖

(𝑘)
, 𝐡𝑖

𝐻 = ℰ𝐻 𝐙𝑖
(𝑘)

, and 𝐡𝑖
𝑎𝑔𝑔

=Linear(𝐡𝑖
𝐿, 𝐡𝑖

𝐻).Then, 

𝐡𝑖
𝑎𝑔𝑔

that optimising ℒBCE also maximizes the mutual information between 

𝐡𝑖
𝑎𝑔𝑔

and 𝐙𝑖
(𝑘)

.
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Experiments

 Downstream task

 Node classification

 Split: 60%/20%/20%

 Datasets

 Synthetic: 

 cSBM [Chien et al., 2021]

 Parameter 𝜙 ∈ [−1,1]

 Real-world:

 Homophilic & Heterophilic

Results:
Baselines: homophily assumption.

PolyGCL: works in all settings.
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Experiments

Linear coefficients: 𝛼 + 𝛽 = 1 Normalized learned filters Time complexity：𝑂(𝐾𝐸 + 𝑁)

𝜙 < 0: low-pass information 

accounts for less.

𝜙 < 0: increasing fuctions;

𝜙 = 0: all-pass property.

PolyGCL: SOTA performance 

with satisfactory efficiency.
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Conclusion

 PolyGCL: introduces the superior properties of polynomial filters 

into Graph Contrastive Learning.

 We revisit GCL from the spectral view and theoretically prove the 

necessity of the high-pass information in heterophilic settings.

 PolyGCL achieves SOTA performance on datasets across 

homophily without introducing extra complexity.
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