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3 EXPERIMENTS

3.1 EXPERIMENT SETUP

We evaluate the proposed ESC on six benchmark datasets from three categories of reasoning tasks:
For arithmetic reasoning, we consider MATH (Hendrycks et al., 2021) and GSM8K (Cobbe et al.,
2021). MultiArith (Roy & Roth, 2015), SVAMP (Patel et al., 2021), AddSub (Hosseini et al., 2014)
and ASDiv (Miao et al., 2020) are not chosen in this paper because they are relatively simple.
For commonsense reasoning, CommonsenseQA (Talmor et al., 2019) and StrategyQA (Geva et al.,
2021) are used. For symbolic reasoning, we use Last Letter Concatenation and Coin Flip from Wei
et al. (2022). The data version is from Kojima et al. (2022).

ESC is evaluated across three language models with varying scales: GPT-4 (OpenAI, 2023), GPT-
3.5-Turbo and LLaMA-2 7B (Touvron et al., 2023). All experiments are conducted in the few-shot
setting without training or fine-tuning the language models. To ensure a fair comparison, we use the
same prompts as Wei et al. (2022). Details on the prompts used are given in Appendix.

The sampling temperature T for MATH is 0.5 while for other datasets is 0.7. GPT-4 and GPT-
3.5-Turbo samples predictions without truncating. For Llama 2, the threshold for top p truncation
(Holtzman et al., 2020) is 0.9. Similarly to Wang et al. (2023), we provide an ablation study in
Section 3.6 to show that ESC is generally robust to sampling strategies and parameters.

3.2 MAIN RESULTS

The baseline we compare to is chain-of-thought prompting with greedy decoding (CoT) and self-
consistency (SC) with sampling. Following Lewkowycz et al. (2022), the sample size L for MATH
is 64 and for others is 40, and ESC uses the same value as maximum sample size. Accordingly, the
window size w for MATH is 8 and for others is 5. We report the results averaged over 10 runs and
omit variance for limited space.

Table 1: Accuracy (%) and L̂ (average actual number of generated samples in ESC, in gray) across
six reasoning benchmarks. L̂-SC denotes the accuracy of SC with sample size as L̂.

MATH GSM8K CSQA SQA Letter Coinflip

GPT-4

CoT 50.44 87.70 83.71 78.63 93.12 100.00
SC 60.32 89.29 87.18 81.67 95.00 /

ESC 60.32 (0.00) 89.29 (0.00) 87.18 (0.00) 81.70 (+0.03) 94.98 (-0.02) /
L̂ 42.40 (-21.60) 7.98 (-32.02) 9.29 (-30.71) 7.19 (-31.39) 6.32 (-33.68) /

L̂-SC 59.98 (-0.34) 89.07 (-0.22) 86.49 (-0.69) 81.40 (-0.27) 94.59 (-0.39) /

GPT-3.5
Turbo

CoT 35.53 75.83 74.17 67.66 80.50 83.74
SC 49.97 85.69 78.10 75.90 83.21 99.54

ESC 49.96 (-0.01) 85.67 (-0.02) 78.10 (0.00) 75.71 (-0.19) 83.15 (-0.06) 99.49 (-0.05)

L̂ 52.37 (-11.63) 14.65 (-25.35) 11.70 (-28.30) 8.51 (-27.93) 8.82 (-31.18) 13.03 (-26.97)

L̂-SC 49.79 (-0.13) 84.82 (-0.85) 77.67 (-0.43) 75.07 (-0.83) 82.74 (-0.41) 98.67 (-0.82)

Llama-2
7B

CoT 5.09 18.07 65.28 46.23 14.87 54.74
SC 7.68 21.75 67.70 63.15 23.32 59.13

ESC 7.68 (0.00) 21.74 (-0.01) 67.68 (-0.02) 63.01 (-0.14) 23.32 (0.00) 58.99 (-0.14)

L̂ 62.48 (-1.52) 31.21 (-8.79) 11.82 (-28.18) 11.00 (-23.96) 34.73 (-5.27) 14.87 (-25.13)

L̂-SC 7.68 (0.00) 21.52 (-0.22) 66.97 (-0.71) 61.19 (-1.96) 23.11 (-0.21) 58.11 (-0.88)

ESC significantly reduces costs while barely affecting performance. Table 1 summarizes ac-
curacy of CoT, SC, proposed ESC and L̂, the average actual number of generated samples in ESC,
for each dataset among three language models. The first observation is that SC outperforms CoT
substantially, which confirms the effectiveness of the voting process for reasoning. For ESC, the L̂ is
largely smaller than the corresponding maximum sampling size L, while the accuracy has remained
almost unchanged. Given that the accuracy of Coin Flip on GPT-4 is 100%, there is no need to
conduct SC and ESC on it. We also test SC with L̂ as the sampling size (L̂-SC), whose accuracy
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drops in accordance with the performance curve relative to the number of samples from Wang et al.
(2023). Overall, ESC can reduce costs significantly while barely affecting performance. In other
words, ESC can get higher accuracy under the same sampling costs.

Table 2: Reasoning accuracy (%) and L̂ with various max sampling size L. The window size is 8.
Model Method 16 24 32 40 48 64

GPT-4
SC 58.92 59.40 59.77 59.95 60.07 60.31

ESC 58.92 (0.00) 59.40 (0.00) 59.77 (0.00) 59.95 (0.00) 60.07 (0.00) 60.31 (0.00)

L̂ 13.56 (-2.44) 18.72 (-5.28) 23.67(-8.33) 28.49 (-11.51) 33.21 (-14.79) 42.41 (-21.59)

GPT-3.5
Turbo

SC 47.34 48.48 49.02 49.40 49.65 49.96
ESC 47.33 (-0.01) 48.49 (+0.01) 49.02 (0.00) 49.41 (+0.01) 49.64 (-0.01) 49.96 (0.00)

L̂ 14.84 (-1.16) 21.38 (-2.62) 27.76 (-4.24) 34.02 (-5.98) 40.20 (-7.80) 52.37 (-11.63)

Llama-2
7B

SC 7.10 7.28 7.40 7.45 7.54 7.70
ESC 7.10 (0.00) 7.28 (0.00) 7.40 (0.00) 7.45 (0.00) 7.54 (0.00) 7.70 (0.00)

L̂ 15.88 (-0.12) 23.72 (-0.28) 31.52 (-0.48) 39.29 (-0.71) 47.04 (-0.96) 62.48 (-1.52)

ESC is a scalable decoding process across sampling and window size. We conduct experiments
with various window size and sampling size to valid the scalability of ESC. Table 2 shows the
performance across different maximum sampling sizes. First we can see the performance of SC
continuously improves as sampling size L increases, which is consistent with the results in (Wang
et al., 2023). On this basis, ESC can significantly save costs while maintaining performance for
different L. Figure 3 shows performance-cost balancing lines among three language models on
GSM8K. ESC is robust to different window size and maximum sampling number. Please refer to
Appendix-Figure 7 for results on other datasets.

Cost savings are positively correlated with performance. As shown in both Table 1 and Ta-
ble 2, an obvious phenomenon is that cost savings are positively correlated with performance. It is
intuitive since better performance often eliminates the need for larger sample size as recommended
in Wang et al. (2023). However, ESC does not require any prior knowledge of model capabilities
and task difficulty. In addition, a control scheme for ESC is also proposed and will be evaluated in
Section 3.3.

Figure 3: Robustness analysis of ESC regarding the observation window size w and max sampling
size L on GSM8K with different models.

3.3 EFFECTIVENESS OF CONTROL SCHEME FOR ESC

To assess the effectiveness of control scheme for ESC, we compared the consistency between our
predicted and actual values of sampling cost L̂ and performance change percentage between SC
and ESC P� on the GSM8K dataset. We chose L1 norm and Pearson correlation to measure the
consistency.* As shown in Table 3, the Pearson correlations for both L̂ and P� exceed 0.8, indicating
a strong linear correlation between the predicted and actual values. Also, the L1 norm for both L̂

*We vary the max sampling size to obtain multiple sets of results for calculating the Pearson correlation and
mean L1 norm.
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Figure 4: Robustness analysis of ESC regarding the sampling temperature T , p in nucleus sampling,
and zero-shot demonstration on GSM8K with GPT-3.5-Turbo.

4 RELATED WORK

Chain-of-thought Reasoning Chain-of-thought prompting has been proven to be an effective
method of solving complex reasoning problems (Wei et al., 2022). By following the pattern of grad-
ually solving sub-problems, both few-shot CoT (Fu et al., 2023) and zero-shot CoT (Kojima et al.,
2022) are capable of stimulating LLM reasoning abilities. On this basis, Least-to-most prompting
(Zhou et al., 2023) suggests explicitly splitting the problem and solving them step by step. Zheng
et al. (2023) iteratively generating answers and adding the historically generated answers as hints to
the context to achieve the final convergence on the answer.

Self Consistency Self-consistency (Wang et al., 2023) refers to a simple decoding strategy for
further improving reasoning performance, leveraging the fact that complex reasoning tasks typically
allow for more than one correct reasoning path. Jain et al. (2023) extend it for open-ended gener-
ation tasks like code generation and text summarization by replacing voting through text similarity
matching. Li et al. (2023) assign appropriate weights for answer aggregation to achieve adaptive
self-consistency. However, all of them require multiple sampling with the pre-set size, which will
incur much more computation cost. Aggarwal et al. (2023) introduce an adaptive stopping criterion
based on the amount of agreement between the samples so far, but it needs additional data to tune the
hyperparameter and is sensitive to threshold. By contrast, ESC has no hyperparamter for stopping
criterion and has a additional control scheme to meet the realistic requirements.

5 CONCLUSION

We have introduced a simple yet effective sampling process called early-stopping self-consistency
(ESC). By stopping the decoding process with high confident window, ESC greatly reduce the cost of
SC without sacrificing performance. A control scheme for ESC is further derivated to dynamically
select the performance-cost balance for different tasks and models, which requires no extra prior
knowledge of model capabilities and task difficulty. The empirical results show that ESC reduces
the actual number of samples of chain-of-thought reasoning by a significant margin on six popular
benchmarks, while attaining comparable performances. We also show control scheme for ESC can
predict the performance-cost trade-off accurately across various tasks and models. The additional
evaluations indicate that ESC can robustly save cost considering different decoding settings and
prompts, and even on open-ended generation tasks.
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formance enhancement. For this purpose, we compared ESC with Progressive-Hint Prompting(PHP)
(Zheng et al., 2023) in terms of both performance and overhead. PHP improves performance by ap-
proaching answers through the stepwise generation of clues. As shown in Table 9, we found that
ESC outperformed CoT by 9.84%, higher than PHP’s 9.25%. Additionally, ESC incurs less sam-
pling overhead. PHP, due to the need for multiple inputs to the model with previously enhanced
prompts, has a larger overhead in the # prompt part. Overall, ESC achieves better performance with
lower sampling costs.

Table 9: Prompt token count (tokens/item, denoted as #prompt), completion token count (to-
kens/item, denoted as # completion), average sampling cost ($/item) and accuracy (%) comparison
between CoT, PHP (Zheng et al., 2023) and ESC on GSM8K with GPT-3.5-Turbo. Max sampling
size of ESC is 40. CoT and PHP apply greedy search as sampling strategy.

Method # prompt # completion Sampling Cost Accuracy
CoT 496.9 72.7 0.0006 75.83
PHP 6552.0 360.8 0.0072 85.08
ESC 1469.2 1220.8 0.0052 85.67

A.6 THE ORTHOGONALITY OF ESC AND OTHER STRONG REASONING BASELINE.

To assess the orthogonality of ESC with other advanced reasoning methods, we applied ESC on PHP.
As shown in Table 10, PHP w. ESC achieved similar performance with PHP w. SC while signifi-
cantly reduced sampling overhead. This indicates that existing advanced methods can significantly
reduce costs by applying ESC with almost no sacrifice in performance.

Table 10: Reasoning accuracy (%) and L̂ for GSM8K on GPT-3.5-Turbo with Progressive-Hint
Prompting(PHP) (Zheng et al., 2023). The window size is 5.

Max sampling size 10 20 30 40
PHP w. SC 86.32 86.64 86.76 87.00

PHP w. ESC 86.32 (0.00) 86.62 (-0.02) 86.77 (+0.01) 86.98 (-0.02)

L̂ 6.15 (-3.85) 7.83 (-12.17) 9.15 (-20.85) 10.26 (-29.74)

L̂-PHP w. SC 86.02 (-0.30) 86.29 (-0.35) 86.32 (-0.44) 86.35 (-0.65)

A.7 ADDITIONAL RESULTS

Figure 6 shows the robustness of ESC regarding the sampling temperature T , p in nucleus sampling,
and zero-shot demonstration on StrategyQA with GPT-3.5-Turbo. Figure 7 shows the robustness of
ESC regarding the observation window size w and max sampling size L on multiple datasets with
different models.

A.8 PROMPTING DETAILS

We list the details of the prompts used for MATH dataset. Following Wang et al. (2023), we use the
same prompts for other datasets as in Wei et al. (2022) for fair comparison.
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and P� are very low. These results indicate that the predictions we obtain based on equation 10 and
equation 14 are highly reliable for balancing sampling cost and voting performance.

Table 3: Consistency between the predicted (through control scheme for ESC) and actual values of
L̂: sampling times, and P� (%): performance change percentage between SC and ESC. We choose
L1 norm and Pearson correlation to measure the consistency. All the p-values < 0.05.

Model kL̂act � L̂prek1 Pearson(L̂act, L̂pre) kP act
� � P pre

� k1 Pearson(P act
� , P pre

� )

GPT-4 0.27 1.00 0.43 0.81
GPT-3.5 Turbo 0.62 1.00 0.06 0.86

Llama-2 7B 1.43 1.00 0.52 0.86

3.4 ESC FOR OPEN-ENDED GENERATIONS

Original SC is only suitable for problems that have fixed answers, while Jain et al. (2023) extended
it for open-ended generation tasks by replacing voting through text similarity matching. We conduct
ESC on MBPP dataset (Austin et al., 2021) with various sampling size (window size is 5). The
results in Table 4 shows that ESC is also suitable for open-ended task.

Table 4: Reasoning accuracy (%) and L̂ for MBPP with various max length L on GPT-3.5-Turbo.
Method 10 15 20 25 30

SC 61.96 61.96 62.04 62.15 62.18
ESC 61.96 (0.00) 61.96 (0.00) 62.02 (-0.02) 62.11 (-0.04) 62.15 (-0.03)

L̂ 5.62 (-4.38) 6.02 (-8.98) 6.32 (-13.68) 6.57 (-18.43) 6.79 (-23.21)

3.5 INTERSECTION BETWEEN ESC AND SC
Table 5: Intersection ratio between ESC and SC.

Model GSM8K SQA Letter
GPT-4 99.69 99.69 99.96
GPT-3.5-Turbo 99.92 99.25 99.76
Llama-2-7B 99.77 99.13 99.75

According to Section 2.3, the voting results of
ESC should have a high probability of being con-
sistent with SC. From Table 5 we can see that
the intersection ratios of the voting results of SC
and ESC are quite high, which indicates the upper
bound of the performance being affected by ESC
derived in Section 2.4.2 is reliable.

3.6 ROBUSTNESS OF ESC

Additional experiments were conducted to further test the robustness of the proposed ESC, including
its robustness to sampling parameters and prompts: (1) In Figure 4 (up) we show how ESC behaves
for GSM8K as the decoding sampling temperature increases. Savings are consistent across different
generation temperatures. (2) Figure 4 (bottom left corner) shows that ESC is robust to p values for
top-p sampling. (3) Figure 4 (bottom right corner) indicates ESC can generalize to zero-shot manner.
(4) Table 6 shows the accuracy of ESC and SC with different groups of demonstrations. We can see
that ESC is robust to various demonstrations (see Appendix-Figure 6 for results on StrategyQA).

Table 6: Reasoning accuracy (%) and L̂ for GSM8K on GPT-3.5-Turbo with different demonstra-
tions. The max sampling size is 40 and window size is 5.

Demonstration Groups 1st 2nd 3rd 4th 5th
SC 85.69 85.56 84.80 85.63 85.24

ESC 85.67 (-0.02) 85.58 (0.02) 84.80 (0.00) 85.64 (0.01) 85.23 (-0.01)

L̂ 14.65 (-25.35) 14.53 (-25.47) 15.64 (-24.36) 14.76 (-25.24) 14.59 (-25.41)
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2.4.2 THE EXPECTATION OF VOTING PERFORMANCE

When L is bounded (practical scenarios), we discuss the probability of ESC voting outcome being
inconsistent with argmaxi P (i) with (denoted as Qw(P̂ )) and without (denoted as Qo(P̂ )) the
occurrence of early-stop.

When early-stop happens, similar to the derivations in section 2.3, we substitute P̂ to P to calculate
the z-statistic under the P̂ distribution. We then calculate the sum of the probabilities that the voting
outcome of ESC being inconsistent with the voting outcome of SC for all candidate p when early-
stop happens, where p 6= argmaxi P̂ (i):

Qw(P̂ ) =
X

p 6=argmaxi P̂ (i)

querying(
w � w ⇤ P̂ (p)q

w ⇤ P̂ (p)(1� P̂ (p))
) (11)

where querying(·) represents the process of querying p-value corresponding to the z-statistic.

When early-stop not happens, ESC degenerates into SC. We view the whole L samples as an obser-
vation window and has the following derivation of z-statistic:

z =
T̂ � L ⇤ P̂ (p)q

L ⇤ P̂ (p)(1� P̂ (p))
(12)

If prediction p is selected as the voting outcome, then the the following inequality should hold:
T̂ � L/2. Combining with equation 12, we derive the upper bound of Qo(P̂ ):

Qo(P̂ ) 
X

p 6=argmaxi P̂ (i)

querying(
L/2� L ⇤ P̂ (p)q
L ⇤ P̂ (p)(1� P̂ (p))

) (13)

According to equation 9, the probability of that early-stop not happens is pow(1 � P̂stop, L//w).
Thus, the upper bound of the expected probability of ESC voting outcome being inconsistent with
argmaxi P (i) is:

E(Q)  EP̂2M(D)(1� pow(1� P̂stop, L//w))⇥Qw(P̂ ) + pow(1� P̂stop, L//w)⇥Qo(P̂ ) (14)

2.4.3 CONTROLLABLE EARLY-STOP SELF-CONSISTENCY

Based on the above derivation, we propose our control scheme for ESC as shown in Algorithm 2.
First, we sample w0 times on the whole dataset. Based on the results of the first observation window,
we calculate the expected sampling cost and performance under different settings of (w, L). Finally,
considering the sampling budget and performance requirements, we choose appropriate values of
(w, L) based on the respective expected values to execute ESC.

Algorithm 2 Control Scheme for Early-Stop Self-Consistency.
Require: model M, dataset D = {(x, y)}N , initial window size w0 (recommended as 5), sampling budget B,

performance expectation P .
Ensure: Predictions set Spredictions

Sfirstwindow  ?
for (x, y) 2 D do

Swindow  Sampling predictions w0 times from M given x
Sfirstwindow  Sfirstwindow + Swindow

end for

for 8 (w,L) do

E(L̂) section 2.4.1 (Sfirstwindow, w, L), E(Q̂) section 2.4.2 (Sfirstwindow, w, L)
if (E(L̂),E(Q̂)) meets the need of (B,P ) then

ŵ  w, L̂ L break

end if

end for

return Algorithm 1(M, D = {(x, y)}N , ŵ, L̂, Sfirstwindow)
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conduct a one proportion z-test with the following null hypothesis,
H0 : Prediction p appears in an observation window T times, where p 6= argmax

i
P (i).

According to the definition of one proportion z-test, the calculation formula for the z-statistic is:

z =
(T̂ � Tµ) ⇤

p
n

T�
(4)

where T̂ is the observed mean, Tµ represents the expected mean, T� represents the expected standard
deviation, and n represents the observed times. Considering the null hypothesis H0, where p 6=
argmaxi P (i), we can derive as follows:

P (p)  (P (p) +max(P ))/2 
X

i

P (i)/2 = 1/2 (5)

As w samples make up an observation window, according to Bernoulli distribution and equation 5:
Tµ = w ⇤ P (p)  w/2

T� =
p

w ⇤ P (p)(1� P (p)) 
p
w/2

(6)

Taking equation 6 into equation 4, z-statistic has the following lower bound when T̂ � Tµ:

z � (T̂ � w/2) ⇤
p
np

w/2
(7)

The voting results of ESC are inconsistent with the voting results of SC if and only if T equals to
w (when early-stop happens while p 6= argmaxi P (i)). When this situation occurs, we have the
observed times n = 1 and T̂ = w, which we take into equation 7:

z � (w � w/2) ⇤
p
1p

w/2
=

p
w (8)

Suppose w = 8, and we choose to reject H0 if z �
p
8 (the lower bound in equation 8). In this

case, the probability of a false positive is  2⇥ 10�3 (one-sided p-value corresponding to z =
p
8).

This means that when we conduct ESC with w = 8, the probability of the voting outcome being
inconsistent with the voting outcome of SC (false positive) is  2⇥ 10�3, which is extremely low.
According to equation 8, we can see that as w increases, the lower bound of z increases accordingly,
resulting in a smaller upper bound of the probability that ESC performance being affected.

2.4 CONTROL SCHEME FOR EARLY-STOP SELF-CONSISTENCY

In practical applications, the desired scenario is that we can adjust the ESC strategy (window size
w, max sampling size L) based on our sampling budgets and performance requirements. Therefore,
we propose a control scheme for ESC to achieve this goal. Specifically, we will deduce the expec-
tation of voting performance and sampling cost under different (w, L) settings based on the first
observation window (denote its window size as w0).

2.4.1 THE EXPECTATION OF SAMPLING COST

We first use the sampling frequency in the first observation window to approximate the true proba-
bility distribution P , and denote it as P̂ . Based on this, the probability of stopping sampling in each
observation window (where the sampled values within the window are all the same) is:

P̂stop =
X

i

pow(P̂ (i), w) (9)

According to Algorithm 1, the expected average sampling times L̂ of dataset D is:

E(L̂) = EP̂2M(D)

L//w�1X

j=0

[(P̂stop ⇥ pow(1� P̂stop, j)⇥ j⇥w)+ pow(1� P̂stop, L//w)⇥L] +w0 (10)

see Appendix A.1 for detailed derivation. According to equation 10, we can determine the mapping
relationship from the choice of (w, L) to the expected sampling cost L̂ based on the sampling results
of the first observation window.
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• We introduced a simple yet effective sampling process called early-stopping self-
consistency (ESC). By stopping the decoding process with high confident window,
ESC greatly reduce the cost of SC without sacrificing performance.

• A control scheme for ESC is further derivated to dynamically select the
performance-cost balance for different tasks and models, which requires no extra
prior knowledge of model capabilities and task difficulty.

• The empirical results show that ESC reduces the actual number of samples of chain-
of-thought reasoning by a significant margin on six popular benchmarks, while
attaining comparable performances. We also show control scheme for ESC can
predict the performance-cost trade-off accurately across various tasks and models.
The additional evaluations indicate that ESC can robustly save cost considering
different decoding settings and prompts, and even on open-ended generation tasks.

There findings:
• ESC significantly reduces costs while barely affecting performance.
• ESC is a scalable decoding process across sampling and window size.
• Cost savings are positively correlated with performance.

• Self-consistency (SC) has been a widely
used decoding strategy for chain-of-
thought reasoning. Despite bringing
significant performance improvements
across a variety of multi-step reasoning
tasks, it is a high-cost method that
requires multiple sampling with the preset
size. Taking MATH dataset as an example,
evaluating the entire test set with SC
(sampling size as 64) costs about 2000$
through GPT-4 API !

• We employ entropy as a representation of the answer distribution shape.
Figure shows the mean entropy value of correct and incorrect voting answer
within a window respectively, showing that distributions with correct one as
highest probability answer typically have much lower entropy values. It can be
a indicator to determine whether sampling should continue. Based on this, we
propose early-stopping self-consistency (ESC), truncating the sampling process
with low entropy window.

• We show how ESC behaves for GSM8K as the decoding sampling
temperature increases. Savings are consistent across different generation
temperatures.

• ESC is robust to p values for top-p sampling.
• ESC can generalize to zero-shot manner.
• The accuracy of ESC and SC with different groups of demonstrations. We

can see that ESC is robust to various demonstrations.

Robustness
First, we sample w0 times on the whole dataset. Based on the results of the first
observation window, we calculate the expected sampling cost and performance
under different settings of (w, L). Finally, considering the sampling budget and
performance requirements, we choose appropriate values of (w, L) based on the
respective expected values to execute ESC.

Results

Analysis

ESC is suitable for PHP and open-ended generation tasks.
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