
Empirical Results
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TL;DR
v We investigate sign equivariant neural networks in 

quantum chemistry to parametrize electronic wave 
functions based on learnable non-linear combinations of 
simpler functions.

v We identify the theoretical and empirical limitations of 
such an approach.
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Hamiltonian 𝐻 Wave function 𝜓%: ℝ&×( → ℝ  
Electrons 𝑟 ∈ ℝ&×( Energy 𝐸 ∈ ℝ  

Stationary Schrödinger equation

§ Variational
 𝔼)!" 𝜓%

*+𝑯𝜓% < 𝐸, 

§ Constraints
§ Antisymmetric:
𝜓 𝜋 𝒓 = sgn 𝜋 𝜓 𝒓  

§ Finite integral: 
∫𝜓%- 𝒓 𝑑𝒓 < ∞ 
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⇒ Very accurate but expensive
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§ Define 𝜓% as linear combination of determinants
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§ Parameterize 𝜙2 via neural networks
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Variational Monte Carlo

Neural Wave Functions

Can we improve accuracy and speed by using general 
non-linear combinations 𝑓:ℝ0 → ℝ of simple basis 𝝍𝜽

𝒌?

Symmetric Functions
Odd function:      𝑓 −𝒙 = −𝑓 𝒙
Even function:      𝑔 −𝒙 = 𝑔 𝒙
Antisymmetric function: 𝜓 𝜋 𝒙 = sgn𝜋𝜓 𝒙 , ∀𝜋 ∈ 𝑆3
Symmetric function:   𝐽 𝜋 𝒙 = 𝐽 𝒙 ,     ∀𝜋 ∈ 𝑆3

Implicit Odd Neural Networks
Composition	of	odd	functions:

𝑓4 𝒙 = 𝒙
𝑓 𝒙 = 𝑓5(𝒙)

𝑓67/ 𝒙 = tanh 𝑓6 𝒙 𝑊6 ∘ 𝐽6 𝒓

Explicit Odd Neural Networks
Excplictly	antisymmetrizing	arbitrary	functions:

𝑓 𝒙 = 𝑔 𝒙 − 𝑔 −𝒙
𝑔 𝒙 = MLP 𝒙

Rescaling

Linlog8 𝑥 = sgn 𝑥 log 𝑥 𝑒8 + 1

Equivalence to Symmetric Jastrow
Theorem 1: Let 𝑅, 𝑋, 𝑌, 𝑍 be real vector spaces, 𝜙: 	𝑅 → 𝑋 an 
antisymmetric function, 𝐽: 	𝑅 → 𝑌	a symmetric function, 
and 𝑓: 𝑋×𝑌 → 𝑍	an in the first argument odd function, i.e., 
𝑓 −𝑥, 𝑦 = −𝑓 𝑥, 𝑦 . Any antisymmetric function
𝜓:𝑅 → 𝑍;𝜓(𝑟) = 𝑓 𝜙 𝑟 , 𝐽 𝑟 	can be expressed a.e. as 
𝜓 𝑟 = 𝜙 𝑟 5𝑥 r𝐽(𝑟)	with 𝑥 ∈ X\{0}	and a symmetric 
function r𝐽: 𝑅 → 𝑍.

Ø Non-linear combinations of 𝜓/, … , 𝜓0  are no more 
expressive in the presence of a symmetric function 𝐽.

Kato‘s theorem states that the solutions must fulfill
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Gaussian-type orbitals (GTO)-based orbitals, cannot satisfy:
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