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The figures are cited from Towards Personalized Federated Learning.



Background

Generalization Analysis for PFL
* high-probability generalization bounds with concentration inequalities based on the

PAC hypothesis complexity ( VC dimension complexity, Rademacher complexity)

* information-theoretical distances between the output hypothesis and the prior from
PAC-Bayes generalization

* the upper privacy-preserving ability of the change in output hypothesis when the
algorithm 1s exposed to attacks

x can not apply to the commonly used nonconvex functions such as neural networks
x weak at evaluating the effectiveness of algorithm design and hyperparameter selection
x can not reflect the personalized iteration performance



Contributions

» New framework of generalization analysis for PFL under non-convex conditions.

* We build up the first algorithm-dependent generalization analysis framework for PFL with the biased gradient
from multi-local updates.

* It is consistent with the personalized training progress and bridges PFL, FL and Pure Local Training with the
clever heterogeneity analysis, which reveals the effective-ness of PFL for personalized aims.

* We also extend it to the decentralized scenarios with different communication topologies.

» New results for upper generalization bounds and excess risks for PFL.

* Our algorithm-dependent results achieve comparable bounds and reflect the iteration nature, effectiveness of
algorithm design as well as the hyperparameters selection of PFL.

* Then combined with the optimization errors, we obtain the excess risk analysis and find that the better
performance 1s the trade-off between optimization and generalization.

» Massive experiments verify theoretical findings.

* Our experiments on CIFAR datasets with different models under non-convex conditions strongly support our
theoretical insights.
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Personalized Federated Learning. C-PFL and D-PFL.

Algorithm 2: C-PFL and D-PFL.

Input :Total communication rounds 7', number of
selected clients n, initial the shared and

Algorithm 1: Local updating for PFL. personal variables u°?, v = {09} .
. s T T T n
Input :Local steps K, local learning rate 7, and 7,,, 8‘g§£‘t :Personal solution u” and v* = {v; }i=o.
T t ot t __ ot 1 = :
initialize u%’o = v, and Yi,0 = lt)f'_l s11 2 for communicationround ¢t = 0to 7" — 1 do
Output : For each client, locally update u; ", v; " . 3 Sample clients |S*| = n uniformly randomly and
1 for lofcal updatefround k=0,1,..., K, —fl do distiibiite the dhated variables u’.
2 | Vik+1 < Vi — T]UVUF(U§,07 Uf’k, gi,k)- 4 for client i € S" in parallel do
3 end 5 ‘ u§+1,v§+1 < Local updating (u;, v})
4 for local update round k = 0,1, ..., K,, — 1 do 6 e‘:fl ) i
t ¢ t # t X ;
5 | Ui 1 < Uy — ﬂuqu(ui,mU@',KUafi,k)- 7 e D Wy
¢ end 8 ‘S“;FL_
t+1 t t+1 t ¥ S .
T Uy UKy Ys Vi, Ky, 10 for communicationroundt =0to 7 — 1 do
1 for client © € [m] in parallel do
12 | witt, vt « Local updating (uf, vf)
13 end
14 Receive shared variables /' with matrix W':
t+1 t+1
U0 Zzeg(fa) Witw; -
15 end
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Generalization Stability. The generalization error between the population risk in (1) and empirical
risk in (2) can be defined as:

1 m
min F(u,V) = — Z Folugug) , wnere Fyla4) = Beopyfh (w906 - (1)

u,V
1
133%1}1 i, V) Zfz wiy), where ;1) = ngs [fi (u, 035 64)] - (2)
51 €O

eq = Es a[F(A(S)) — f(A(S))]
Uniform Stability. The s-uniformly stability for algorithm 1is defined as below:

sup E[f(u.Vizy) — (8, Viz)] < e
zj~{Di}
Excess Risk. Considering (u*, V' * ) as the optimal model that can be achieved by the algorithm 4 on
the dataset S, the real test performance E/F(A(S))/ can be measured by the excess risk as follows:

& = E[F(A(S))] - E[f(u", V)]
QE[F(U, V) o f(u7 V)l‘FEE[f(U, V) o f(U*a V*)l

vV vV
Eq: generalization error Eo: optimization error

IA ]




Assumptions

Assumption 1 (Smoothness). For each client i = {1,...,m}, the function F is continuously
differentiable. There exist constants Ly, Ly, Ly, Ly, such that for each clienti = {1,...,m}:

e Vufilui,v;) is L,~Lipschitz with respect to u; and L,,,—Lipschitz with respect to v;

o Vo fi(u;,v;) is L,—Lipschitz with respect to v; and L., —Lipschitz with respect to u,;.

Assumption 2 (Bounded Variance). The stochastic gradients in both C-PFL and D-PFL have
bounded variance. That is to say, for all u; and v;, there exist constants o,, and o,, such that:

E[||Vafi(us,vi; &) — Vufi(”ia”i)”ﬂ < oL, )
E{|| Vo fius, vi; &) — vvf@(u@:,’vi)uz] Loy (6)

Assumption 3 (Partial Gradient Diversity). There exists a constant 62 that reflects the data
heterogeneous degree:

IV fi(u,vi) = Vifi(u, V)||* < 62, Vu, V.
Assumption 4 (G-Lipschitz). For A(S), A(S) € R? which are well trained by an e-uniformly

—~—

stable algorithm A on dataset S and S, the personalized objective f(u,V') satisfies G-Lipschitz
continuity between them:

—~

[£(A(S)) = FLAS) < GILAS) — AS)II (7)
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Theorem 1 (Stability of C-PFL). Under Assumption 1~ 4, let the active ratio per communication

= = S 1 _ u S
round be n/m, and assume the learning rates satisfy n, = O ( K. +k) = f KT and n, =

O ( : Ki +k) = ﬁ%. They decay per iteration T = tK + k, where ., and |1, are the specific

constants and satisfy p1,, < 17— and p, < 7-. Let U = supy,, - f (u, v;; z), then the generalization
bound of C-PFL satisfies:

E (£, V7 52) = F@ V75 2)])
,uuLu I—L'UL"U (8)
& nUTg I (TKM) 2G (0w + 0u) ¥ (TKU) (1 ¥ e TKM)#ULU) 2Go,

— mS To S Lo To Lu( To mSL,"

To simplify subsequent analysis, we assume pL = max{j, Ly, pty L, } and K = max{K,, K,}. By

1
. I+nL ke = ) :
selecting 1o = [QG((U“:&L)LEJW” L“)} "7 (TK) ™+ we can minimize the bound with Ty:

(RUTK)THE . 9)

E[I£@”,VTs2) - F@, 75 2)]] < — {G((g“ 0l +%Lu)] -

mS L’U,L’U
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Theorem 2 (Stability for D-PFL). Under Assumption 1~ 4, let clients communicate with each

other in a peer-to-peer manner, and assume the learning rates satisfy n, = O (ﬁ) = oaf >
andn, = O (ﬁ) = ﬁ They decay per iteration T = tK + k, where 1, and ., are the

specific constants and they satisfy j1, < L—lu and ply < LL Let U = supu.n, - f(uw; vi; 2), thenihe
generalization bound of D-PFL satisfies:

9 Uro . 2(0u+68,)G (14 6ymk b
E 17, VTi2) — ST VT2l < T2 4 Aot 8)G (140 ) (TH )T,

12/Mkr0y Luy (TKH)“’”L” L 20,6 (TKU)“”L”

mSLvLu T0 SL‘U T0

(10)

20{

1

(1—a)edln x
different communication connections.

where k) = (Q)Q &+ + 2 and ) are the widely used coefficient to measure
e )\(1 _) Aln 5

To simplify subsequent analysis, we assume (1L = max{ iy L, ,u@L } and K = max{Ku, K,}. By

-2G(O'u—{—5u)Lz (146v/mrK))+2G0y Ly Loy (m+6y/mky)
UmLy Lz

: 1+ L s
selecting 7o = } " (TK) it T , we can minimize

the upper generalization bound:

E(Ilf V75 25) — 1@, V7 zj>||]

< — By
- 8 [ L,m ( T )} (UTK) TfuT

(1)




Theoretical Analysis

» Remark 1 (Influencal factors of PFL). The stability of PFL is impacted by the number of samples .S,
total clients m, total iterations 7Ku and TKv , data heterogeneity ou in both C-PFL and D-PFL, and the
number of the selected clients n in C-PFL and communication topologies x; in D-PFL.

Specially, for D-PFL, the impact of communication topologies x; 1s as follows:

Table 3: k) and Spectral Gap 1 — A of communication
topologies (Sun et al., 2023c; Zhu et al., 2024).

ra = (2) “ -+ 2 + 2
A e )\(1 )" (1—a)eXIn L Aln L7
Network Topology | K Spectral Gap 1 —
Fully-connected 0 1
Disconnected 1 0
Ring O(m?) = 3m2/167r
Grid O(minm ) O(mlog_2(m
Exponential O(lnm) O (1+log_ 2(m
A — 1 Kx — O (1 / ()\ (111 X) )) Fully-connected Exponential Grid Ring

A =0 Kx— O (1/(A(In+)™)




Theoretical Analysis

» Remark 2 (Special cases of PFL). The degradation analysis of the shared variables u is as the same
with vanilla SGD. The degradation analysis of personalized variables v is as the same with FedAvg and

DFedAvg.

Specially, Personalization performs better than no personalization and Pure Local Training.

Table 2: Comparison with FL, PFL, Pure

Local Training.

. e 4. 2
Algorithm Generalization Bound FL % Zzl |VFE; (w;) — VFE(w)||” < 53.
FL O (% + (%)ML —‘ZGT&TSEQ))

U L\ Hulu . il 2 2

| ot () ek R 2 < 03
+ (T (L4 By 2gen) L gm 2 52
0 MLU ¥ m Z’i:l Hquz (u, Ui) _ qu(ua V)_” _S 511,

Local O (% + (I;f) ng)
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Corollary 1 (Excess risk of C-PFL.)
Ex < E[F(AS))] - E[f(w")] < 0 (1/VT+(nKT)™E /m)

Corollary 2 (Excess risk of D-PFL.)
Ep < E[F(AS)] - E[f(w)] < 0(1/(1=N>VT + (1 +6y/mny/m) FT (KT) ™ )

» Remark 3 (Comparisions between the C-PFL and D-PFL).
C-PFL always converges and generalizes better than D-PFL in theoretical analysis. C-PFL largely reduces the

generalization error with the regular averaging on a global server, which leads to better consensus of the shared

variables and better generalization.
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Core Comparisons

« Compared with the current stability-based analysis, our work is the first to propose a personalized
federated learning algorithm analysis with multiple local updates and hyperparameter analysis.

Table 1: Main results on the upper generalization bounds of PFL. m is total nodes number, 7" is training
rounds, 7 1s local learning stepsize, K is local learning step, n is the selected nodes number and A 1s about
communication topology, o 1s data hetegeneity and NC representation non-convex condition.

Tpye || Reference Algorithm Analysis Tools |m T n K n/x o | NC
Hardt et al. (2016) SGD Uniform Stability g & o ¥ X 4 v

SGD Chen et al. (2021) FedAvg Uniform Stability v v v v Y v %
FL ’ Sun et al. (2024b) FedAvg On-average Stability v v o ox v v v v
Sun et al. (2021) D-SGD Uniform Stability v v v x Vv X v

Zhu et al. (2022) D-SGD On-average Stability v v v o x v X v

Deng et al. (2020) C-PFL VC Dimension Complexity || vv X X X X X X

Mansour et al. (2020) C-PFL Rademacher Complexity v X X X X 3¢ X

PFL Zhang et al. (2022) C-PFL PAC-Bayes Complexity v X X X X X X
Ours C-PFL Uniform Stability v v v v v v v

Ours D-PFL Uniform Stability v v v v v v v




Theoretical Analysis

SUN YAT-SEN UNIVERSITY

Core Comparisons

» As the first algorithm-dependent personalized generalization analysis, we introduce the discussion of
data heterogeneity and for the first time explain the performance advantage of personalized algorithms
over non-personalized algorithms from the perspective of generalization theory.

Table 3: Main results on the upper generalization bounds of PFL.

Algorithm | Generalization Bound | K 5 w wm
2,4 T * ™ = =
APFL @, (2 (1— ;)" (L5(R*) + B||D — Ds||, + Cv/(d + log(1/6)) /N ))
(Deng et al| 2020} ) g x x x x Y
| et +0 (Qo_f,f (Lo, (ht) + 2C/(d +10g(1/8))/S: + GAn(S: )))
MAPPER, o B i \/K
(Mansour et al. 12020} o (2L (\/ log 3 \/ w108 ' ) aat Vi X X X X
pFedBayes, ( 347 10g? (m))
Zhang et al. 12022} O ( Cam™ 73+ log™ (m) X X X X
FedAvg & LocalTraining, 1 5 .
(Chen et al.| 2021} O(x+R) & O(m/N) ¥ X K %
C-PFL (Ours) o (% [G‘:"“ﬁ:*fﬂ‘c“)] e (nf;j‘}f)ﬁ%r) VA S S
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Core Comparisons

» ltis the first work to analyze the generalization impact from personalized variables to shared variables,
which uncovers the interaction mechanism between these two updating processes and provides
valuable guidance for alternating personalized optimization.

Algorithm Generalization Bound Remark
(i el | 2016} o ([29eL2] 7wt No multi local updates,
s FedPro'x o i, K N Only in convex conditions,
(}Chen et al.] f2'021} N/m "IN + N no local training analysis.
FedAvg T trd 27\ * T} % .
Bumeral|Bo2a5) O (; (Dmax + J)) +0O (Km) — 4+ (AUD) = ++/Ap— No local learning rate.
(fSunIe?t gleEOZla (@ ((H'C") TuLH) No multi local updates.
Qfﬁ%%]%(ﬁfg O ( L 4 ( o=+ ) VN ) No multi local updates.
C-PFL (Our) O (% [W] T (nUTK) 1+ﬁ’4> First algorithm dependent

analysis for C-PFL, D-PFL

R
D-PFL (Our) @ (ﬁ [ ( + 6/mky) + ‘G(l =8 6‘/@2"‘5“ )] e (UTK) 1+m,) with multi local update and
i hyperparameter analysis.
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Local Epoch Learning Rate Client Fraction Total Client Number
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We conduct the experiments on C-PFL and D-PFL: TE

—»— Fraction = 1

|

Commincation round T Commincation round T Commincation round T Commincation round T

o CIFAR_1O datasets In the D”-IChIet d|Str|bUt|On E Local Epoch =R Learning Rate —Sommunication Tpolegy _ Total Client Number

H

Lo [ [ o

(Non- 1ID a = 0.3) with ResNet-18
. ’ £ £ £~ =] B

2 g+ g~ Torem | 20

g

—— Full Topology

o ClFAR-1OO datasets in the Path0|ogica| Commincation roand T~ Commincation reund 7 Commincation round T Commincation round ¥

(a) Disturbed loss distance of C-PFL and D-PFL on CIFAR-10.

diStribution (Non-”D C*= 20) With VGG_11 for' Localpoch - Lesrning ats ) Client Fraction . Total Client Number
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Sk Fammaozl| 8., Gl Num = 20
oo —— Fraction = 0.5 —— Client Num = a0
—— Fraction = 1 —— Client Num = 100

Commincation round T Commincation round T Commincation round T Commincation round T

To Verify the impacts of the key hyperparameters, e g s Commaniction opoiay e
we explore the impact of the four factors:

® [ocal Lea rning EpOChS, = e e - B e e e 2 . o =
. Local Learning Rates (b) Testing and training lloss distance of C-PFL agd D—PlFL on CIFAR-10. .

® Client Fraction / Communication topology, '

. 4 . u
Oola ien umbper. o v B e ] T L
Commincation round T Commincation round T Commincation round T Commincation round T

Learning Rate Communication Topology Total Client Number

D-PFL

—+— Ring Topology
Grid Topolegy

Loss Distance

Client Nu

C-PFL

Test Accuracy

9
——epocn=1 | L,
o

Epoch =2 | 18

—s— Fraction = 0.1 —+— Client Num = 10
Fracti

—— Fracti

Test Accuracy

Test Accuracy

Local Epoch

D-PFL
Test Accuracy

£ 3

—a— Ring Topology

Test Accuracy

Grid Topology.
—+— Exp Topology 0
—— Full Topology —— Client Num = 100

Commincation round T Commincation round T Commincation round T Commincation round T

(c) Testing accuracies of C-PFL and D-PFL on CIFAR-10.
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Local Epoch Learning Rate

o % « Both less local learning epochs and lower learning
2 - rates lead to better generalization performance, but
S &F they affect the convergence speed more seriously.
- " | * More client participation and denser network

@ i o D S T P connection in each communication round enlarge
Q)

the generalization gap, but they speed up the
convergence rate to the same extent.

C-PFL

D-PFL

« Alarger total participation of clients and a smaller
number of local training samples increase the
generalization error and reduce the convergence
speed simultaneously.

Figure 7: Training losses of C-PFL and D-PFL on CIFAR-100.
Client Fraction

C-PFL

» C-PFL outperforms D-PFL in both generalization
and convergence when their upper communication
bandwidths are at the same level.

D-PFL

Figure 8: Testing accuracies of C-PFL and D-PFL on CIFAR-100.



Future Works

* Improve the generalization bounds or less assumptions for PFL with the more
advanced stability methods under convex, strongly-convex and non-convex
conditions;

* Discuss the lower bound and tightness of the generalization of PFL to obtain the
optimal training strategies for personalized training.
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