
Analyzing Neural Scaling Laws in Two-
Layer Networks with Power-Law Data 

Spectra

Roman Worschech,   Bernd Rosenow

Institut für Theoretische Physik, Universität Leipzig

Max Planck Institute for Mathematics in the Sciences

1,2 1

1

2



Introduction

➢ Neural scaling laws: Empirically found power-law scaling of 

test error (Kaplan et al, 2020)

➢ Various datasets exhibit power-law spectra for covariance 

matrix

➢ Previous theoretical studies focused power-law distributed 

data and linear models:

➢ (Maloney et al., 2022), (Bahri et al., 2024) and 

(Bordelon et al., 2024), (Bordelon et al., 2022) and (Lin 

et al., 2024) 

➢ Spectrum 𝜆𝑘 of cifar5m dataset

𝜆𝑘 = 1/𝑘𝛽
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➢ Model of real data: 𝝃𝜇 ∼ 𝒩 0, 𝚺  with 𝜇 ∈ 1, … , 𝑝

➢ 𝚺 with power-law spectrum:

 𝜆𝑙 =
𝜆+

𝑙1+𝛽
, 𝑙 ∈ 1, … , 𝐿

➢ 𝐿 distinct eigenvalues

➢ Loss function: 𝜖 𝝃𝜇 =
1

2
𝜎  𝝃𝜇 − 𝜁 𝝃𝜇 2

➢ One-pass stochastic gradient descent:  

𝑱𝑖
𝜇+1

= 𝑱𝒊
𝜇

− 𝜂𝛻𝑱𝑖
𝜖 𝑱𝜇 , 𝝃𝜇

➢ 𝐵𝑖,𝑎 ∼ 𝒩 0,1 , 𝐽𝑖,𝑎
0 ∼ 𝒩 0, 𝜎𝐽

2  , for 𝑎 ∈ 1, … , 𝑁

Soft Committee Machine
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Dynamical Equations

➢ Order parameters:

               𝑅𝑖𝑛
𝑙

=
𝑱𝑖 𝚺 𝑙𝑩𝑛

𝑁
, 𝑄𝑖𝑗

𝑙
=

𝑱𝑖 𝚺 𝑙𝑱𝑗

𝑁
, 𝑇𝑛𝑚

𝑙
=

𝑩𝑛 𝚺 𝑙𝑩𝑚

𝑁
 

➢ Generalisation error:   𝜖𝑔 𝑸 1 , 𝑹 1 , 𝑻 1 = 𝜖 𝑱𝜇, 𝝃𝜇
𝝃

➢ Consider 𝑁, 𝑝 → ∞, 𝛼 =
𝑝

𝑁
 finite (Yoshida & Okada, 2019) 

𝑑𝑹 𝑙

𝑑𝛼
=

𝜂

𝐾
𝐹1 𝑹 𝑙+1 , 𝑸 𝑙+1

𝑑𝑸 𝑙

𝑑𝛼
=

𝜂

𝐾
𝐹2 𝑹 𝑙+1 , 𝑸 𝑙+1 + 𝑂 𝜂2

➢ Isotropic case 𝐿 = 1 analyzed 

by (Saad & Solla, 1995)

➢ Minimal polynomial with coefficients 𝑐𝑖  to close ODEs: 

σ𝑘=0
𝐿 𝑐𝑘𝑅𝑖𝑛

𝑘
= σ𝑘=0

𝐿 𝑐𝑘𝑄𝑖𝑗
𝑘

= 0
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⇒ Leading to 𝐿 × 𝐾2 + 𝑀𝐾  coupled ODEs

Simulation for 𝐾 = 𝑀 = 2, 𝛽 = 1, 𝑁 = 1024, 𝜂 = 0.1, 𝜎𝐽 = 0.01 



Linear Model

➢ 𝑔 𝑥 = 𝑥

➢ Student and teacher perceptron: 𝐾 = 𝑀 = 1

➢ Model: only 𝑁𝑙 components of 𝑱 are trainable

➢ Scaling laws: 

➢ 𝜖𝑔 ∼ 𝛼
−𝛽

1+𝛽 

➢ 𝜖𝑔 ∼ 𝑁𝑙
−𝛽

 (Asymptotic plateau)

➢ Similar to (Lin et al., 2024) 

Simulation for 𝛽 = 1, 𝐿 = 𝑁 = 256, 𝜂 = 0.05, 𝜎𝐽 = 0.01 
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Plateau phase 

➢ 𝑔 𝑥 = erf
𝑥

2

➢ Escape time from the plateau: 𝜏𝑒𝑠𝑐 ∼
𝜂𝑀2

𝐿

➢ Same behavior for 𝐾 > 𝑀

Simulation for 𝐾 = 𝑀, 𝐿 = 4, 𝑁 = 1024, 𝜂 = 0.1,

𝜎𝐽 = 0.01, 𝛽 = 1

Simulation for 𝑁 = 500, 𝜂 = 0.01, 𝜎𝐽 = 10−6,

𝐾 = 𝑀 = 6, 𝛽 = 0.25
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Asymptotic phase

➢ 𝑔 𝑥 = erf
𝑥

2

➢ Scaling law: 𝜖𝑔 ∼ 𝛼
−𝛽

1+𝛽

➢ New model: 𝜁𝜇 = 𝑔
𝑩∙𝝃𝜇

𝑁
, 𝜎𝜇 = 𝑐𝑔

𝑱∙𝝃𝜇

𝑁

➢ Trainable parameters 𝑱 and 𝑐

➢ 𝑔 𝑥 = max 0, 𝑥

Simulation for 𝐿 = 𝑁 = 512, 𝜂 = 0.01,

𝜎𝐽 = 10−6, 𝐾 = 𝑀 = 40

Solution of ODEs for 𝐿 = 𝑁 = 1024, 𝜂 = 0.001, 𝜎𝐽 = 0.1
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Thank you for your attention!
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