2 | UNIVERSITAT % Mathematics
; |_E|PZ|G L in the SCiences

Analyzing Neural Scaling Laws in Two-
Layer Networks with Power-Law Data
Spectra

1,2 1
Roman Worschech,” Bernd Rosenow

Yinstitut fur Theoretische Physik, Universitat Leipzig

2
Max Planck Institute for Mathematics in the Sciences



Infroduction

» Neural scaling laws: Empirically found power-law scaling of 102]
test error (Kaplan et al, 2020) 101
» Various datasets exhibit power-law spectra for covariance < 10%;
: 10711

matrix
10—2_

» Previous theoretical studies focused power-law distributed

10—3_

data and linear models:
» (Maloney et al., 2022), (Bahri et al., 2024) and
(Bordelon et al., 2024), (Bordelon et al., 2022) and (Lin
et al., 2024)
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Ae = 1/kF
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» Spectrum A, of cifarom dataset
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Soft Committee Machine

teacher student

» Model of real data: §# ~ NV(0,X) withu € (1, ..., p)

» X with power-law spectrum:

Ay

Al == l1+¢;;

le{l,.. L}

» L distinct eigenvalues
> Loss function: e(&*) = %[a( &) — 7(EM)]?

» One-pass stochastic gradient descent:

JE = =y et &)

» By ~N(01), [}, ~N(0,07),fora€(q,..,N)
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Dynamical Equations

SimulationforKk =M =2, f =1, N =1024, n=0.1, g; = 0.01

» Order parameters:

1071 | — =1 — =16
L=4 —— L=64
O _J®B, A0 _T®Y; ) _ By(®)'Bn 10-2.
Rip =55 Q=75 Tam = =5 o —
W 10-3
> Generalisation error: eg(Q(l),R(l),T(l)) = (e(J* ))n \
10~
» Consider N,p — oo, a = P finite (Yoshida & Okada, 2019) . ‘ . .
- N 500 1500 2500 3500
AR _ 1 g (R4+D, gusn) a
da K » lsotropic case L = 1 analyzed
dQ®W by (Saad & Solla, 1
—_F R(H'l), +DY + 0 (n2 y (Saa Solla, 1995)
da K 2( Q ) (1)
» Minimal polynomial with coefficients c; to close ODEs:
r o ckRgf) =Y 0 cin(J’-c) =0 = Leading to L X (K? + MK) coupled ODEs
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Linear Model

vV V VY VY

gx) =x
Student and teacher perceptron: K =M =1
Model: only N; components of J are trainable

Scaling laws:

> (eg) ~ al*f

> <€g> ~
Similar to (Lin et al., 2024)

Nl_ﬁ (Asymptotic plateau)

SR | UNIVERSITAT
W | Erzic

4/4/2025

Simulationfor f =1, L = N =256, n = 0.05, g; = 0.01

1072+
(@)!
)
_3_
1072 = Ny=50 = N;=150
— N,=100 = N, =200
100 101 102 103 10°
a

1+o2 Xy (1 1
~ — A
“ns0 2 BL (Nlﬁ LB)‘|‘ +

1402 (2ph ) 77 B 2mha 8
2L 1+ [F(1+B’ LA+1 )‘F(1+6’2n)\+a)]
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Plateau phase

I'l =L=25 _s0000; 4
0.010{ |~ M=2=M=5 7500 L 0.009 ~ L =50 S
- M=3-M=6 8, el — L=100 | 300001 &
0.009 |~ M=4-M=7] o 0.008; —L=250 °© 10000, 4"
o) — L=500 0.005 0.020 0.035
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|
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a a
SimulationforK =M, L =4, N = 1024, n = 0.1, Simulation for N = 500, n = 0.01, g; = 107°,
0 =001, B =1 K=M=6, =025

> g(x)=erf (\7—5)

2
» Escape time from the plateau: T, ~ %
» Same behavior forK > M
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Asymptotic phase

10_2;
(@)
W
10_3:
| - B=05 - =125
| - B=075- B=15
| = B=1 - gm
103 10*

a

Simulation for L = N =512, n = 0.01,

g, =107, K =M = 40

> g(x) =erf (%)

> Scalinglaw: (g,) ~ ai+f

@)
W

107!
10—2_
10—3_

_4] = B=0.75, 7058
10 —~ B=1,a072
10-51 = B=1.25, 707

- B=1.5 a7 %"
10

10° 10 102 103 10* 10°
a

Solution of ODEs for L = N = 1024, n = 0.001, ¢; = 0.1

» New model: (#* =g (%)» ot =cg (]%)

» Trainable parameters J and ¢

> g(x) = max(0,x)
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