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II 01 Motivation: Distributional robustness

DR under Data Distribution Shift:

e Background: The empirical distribution of the training data may differ from the real data distribution;

Introduce an Uncertainty Set that includes all possible true distributions.

*  Wasserstein DR objective: min  sup ]EQ[E(@,SIJ)]
O Qeu(P.,0)
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II 01 Motivation: Distributional robustness

Other types of uncertainty sets: A(Q, P.;): KL-divergence, Sinkhorn distance et al.

LYr(0,Pr) = SUPGeu(p,..0) 1EQ (0, 9)]}
where Z/{(Ptr, 5) = {Q k= P(X)lA(Q,Ptr) S 5)}

. . ° o N

O @
<
o o @ ©@ >
ERM Reweight KL-DRO
Kullback—Leibler divergence: Dkr,(Pi|Q) = Eznp, [log dd%r(%) }

Requiring absolute continuity P, < @; otherwise, Dky, (P, |Q) = oc.

In comparision, Wasserstein DRO (WDRO) can capture the continuous vari-
ations.



II 01 Motivation: Distributional robustness

Motivation: How to choose the uncertainty set  U(P;;, )

U(Py,0) ={Q € PRY)WV(Q, Pux) < )}

Vo

Ugw(Ptraé) — {Q € P(M)|QW(Q7 Ptr) S 6)}

Points out of manifold
A Points on manifold

Distributions

How to capture the geometric structure of the data?

Can neural nets also be used to extract the tangent space of a data manifold?



II 02 Formulation: Wasserstein Distributional Robust

Geodesic distance Wasserstein Uncertainty Set:

* Goal: Optimizing within the uncertainty set, which is supposed to incorporate all possible
distributions.
«  Manifold WDRO: min  sup  Eg[l(6, )]

9 Qeugw(P‘cra(S)
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II 02 Formulation: Strong Duality
Strong Duality of Manifold-WDRO

To solve the primal problem, we adopt the strongly duality property proposed

in [Gao et al., 23] to obtain the dual form.

Lpr(0, Pi) = Supgeys, . (po.5) {EQIL(0,0)]}
Primal where Uy (P, d) :={Q € P(M

v E r(0, Py) = mm{wS

+]EPtr 6 yPi, V }7

Dual 2
where £,(0,p;,v) @q —V@

Solve by Riemann gradient ascent .VMf( )

= PTOJx (Vf(z))



II 02 Formulation: Strong Duality

The surrogate loss is a geodesically (v — )-strongly concave problem.

E(SDR(97 Ptr) — IVIlZlBl {V(SQ + ]EPtrKS(e?pi) V)} ’

Dual 5
where (4(0,p;,v) := gup [4(0,q) — @)} :
g€ ,

Solve by Riemann gradient ascent : V™ f(z) = Proj_ (Vf(x)) T

We lack the analytical formula for the tangent T ,((x).

Proj, (-): projection of the Euclidean gradient V f(x)
onto the tangent space T ((x).



II 03 Method : Overall

Can neural nets also be used to extract the tangent space of a data manifold?

Previous works:

[PRML 07, Bishop] Manifold tangent [Rifa1,2011]



l 03 Method : Overan

Model: We have introduced our formulation (and its dual)

Algorithm: High-level ideas
1, Manifold-guided game

Sensitive to the data variation along the manifold; insensitive to others

Approximate (part of) the tangent

2, Compute the Surrogate Loss
A solution of a geodesically strongly concave optimization problem

Need to approximate the Geodesic distance

3, Optimizing over the surrogate loss (according the strongly duality)

Robustness guarantee



II 03 Method : Manifold-guided Game
Manifold-guided DRO

*  Manifold-guided game: Combine the Jacobian regularization and

Data manifold

the contrastive learning loss

,C*(Q) . ECL _|_ >\1]E.’13€Ptr Jg(:c) ||%1, Semantic-Invariant space
Train samples
* Jacobian Regularization: CL Augmentation
R 89(9 7;13) Semantic-Variant direction
Jg(x) T Ox Direction to leave manifold
e Contrastive Learning:
exp (sim (g(x}), g(x!)) /7
Lop == E [fa(x,)], where f (x;) = —log (sim (g(w;). g(@7)) /7)
i€[n] ZmePt’rngr’\{m’i,w;’} exp (sim (g (x7) , g(x)) /7)

/

Intuitively, the InfoNCE loss tends to bring g (!

') and g (x!') to be closer,
and meanwhile repulse g () and g (x).



II 03 Method : Approximate the tangent

Random SVD for low-rank matrices
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The remaining primary singular vectors aligns with
directions of semantic variation within the data manifold's tangent.



II 03 Method : Theoretical Results

1. Approximating the geodesic distance by the accumulated step size:

pt' < pt>® < Vr(VE + vk — 1)%dg(q”, ¢*), where r = 5.

2. Approximating the surrogate loss
under the approximation of the geodesic distance:

Theorem 1 Suppose Assumption|I|and 2| hold. We select an v > [ in the surrogate loss (Eq.(7)),
and define k as in Lemma Using the accumulated step size to approximate the geodesic dis-

tance, let 0 be the optimal solution of the dual formulation Eq.(6) under this approximation. Then
Ep, £s(8,p;,v) < " x ming Ep,_£,(0, p;, v), where ¢ = k%(\/k + VK — 1)*.



II 04 Results

Empirical results

[llustration by t-SNE: [llustration of the tangent:
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