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Adjacency matrix A =

Graph neural networks (GNN)

<latexit sha1_base64="0lDLv2/TYjK1C/s7meZHx9JtyN4=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAILqQkItVl0Y2rUsE+oIllMp22QyeTMDMRSghu/BU3LhRx61e482+cPhbaeuDC4Zx7ufeeIOZMacf5tnJLyyura/n1wsbm1vaOvbvXUFEiCa2TiEeyFWBFORO0rpnmtBVLisOA02YwvB77zQcqFYvEnR7F1A9xX7AeI1gbqWMfeEwgL3VOketl92kVeZqFVKFq1rGLTsmZAC0Sd0aKMEOtY3953YgkIRWacKxU23Vi7adYakY4zQpeomiMyRD3adtQgc0eP528kKFjo3RRL5KmhEYT9fdEikOlRmFgOkOsB2reG4v/ee1E9y79lIk40VSQ6aJewpGO0DgP1GWSEs1HhmAimbkVkQGWmGiTWsGE4M6/vEgaZyW3XCrfnhcrV7M48nAIR3ACLlxABW6gBnUg8AjP8Apv1pP1Yr1bH9PWnDWb2Yc/sD5/ADfYlhA=</latexit>

2 {0, 1}N⇥N : 0
: 1



Problem with GNN using undirected graph 

• Multiplication of feature  with adjacency  leads to averaging over neighbors’ features F A

• As we increase depths, each  of  converges toward a similar valuefi F

• This problem is known as “oversmoothing”
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Oversmoothing leads to inefficient information propagation
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Remedy: Let information flow instead diffuse
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Remedy: Let information flow instead diffuse

A =

Diffusion Flow
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GNNs exclusively work with either undirected or directed graph

UndirectedDirected (one way) Directed (the other way) 
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Information flow in data need not be discrete 

ex 1)  Neuron A makes a strong synaptic connection to neuron B 
        .Neuron B doesn’t make as strong a synaptic connection to neuron A 

ex 2)  Country A export a lot of goods to country B         
        .Country B doesn’t export as much to country A



Information flow in data need not be discrete 
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“Angle”  to capture continuously varying edge direction θij

i j

θij
0

π/2

sin θij

cos θij

:  edge magnitude cos(θij) i ← j :  edge magnitude sin(θij) i → j
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Constructing “fuzzy” graph Laplacian from angles 

• Since , it follows that θji = π/2 − θij LF = iL†
F  admits orthogonal eigenvectorsLF
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(LF )ij =

{
0 if Aij = Aji = 0

exp(iωij) otherwise

• We encode  and  edges to real and imaginary parts of a complex numberi ← j i → j



Continuous Edge Direction (CoED) GNN
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<latexit sha1_base64="BkVxmb9H9ETMRKgKKNXGA0zDTw0="></latexit>

P→ = D↑1/2
→ A→D↑1/2

↓
<latexit sha1_base64="ncdhrqC1bo5XeHC/SSufu/QMNx8=">AAACXnicbVFNS8MwGE6rztk5N/UieAkOwYuzHTK9CPPj4HGC+4B1jjRLt7C0KUmqjNI/6U28+FNM9wG67YXAw/NB3jzxIkalsu0vw9za3snt5veswn7xoFQ+PGpLHgtMWpgzLroekoTRkLQUVYx0I0FQ4DHS8SaPmd55J0JSHr6qaUT6ARqF1KcYKU0NyrEbIDX2/KSZDhJX0NFYISH4RwrhHVxqT+lbculc1VYt1tJwv6psSjLiL+VBuWJX7dnAdeAsQAUspjkof7pDjuOAhAozJGXPsSPVT5BQFDOSWm4sSYTwBI1IT8MQBUT2k1k9KTzXzBD6XOgTKjhj/yYSFEg5DTztzNaWq1pGbtJ6sfJv+wkNo1iREM8v8mMGFYdZ13BIBcGKTTVAWFC9K8RjJBBW+kcsXYKz+uR10K5VnXq1/nJdaTws6siDU3AGLoADbkADPIMmaAEMvg3DsIyC8WPmzKJZmltNY5E5Bv/GPPkF7gu3Lg==</latexit>

P→ = D↑1/2
→ A→D↑1/2

↓

<latexit sha1_base64="g+5S9nXZgdX92qVl/831QDz4fbI=">AAACMnicbVDLSgMxFM34rPU16tJNsAjtwjIjUt0IRUF0V8E+oB2HTJppQzOTIckoZZhvcuOXCC50oYhbP8L0Bbb1QOBwzj3k3uNFjEplWW/GwuLS8spqZi27vrG5tW3u7NYkjwUmVcwZFw0PScJoSKqKKkYakSAo8Bipe73LgV9/IEJSHt6pfkScAHVC6lOMlJZc86YVINX1/CRI75M8K6Ru0mLEV0gI/pieT9zKtD6Rr4ahI7uQQuiaOatoDQHniT0mOTBGxTVfWm2O44CECjMkZdO2IuUkSCiKGUmzrViSCOEe6pCmpiEKiHSS4ckpPNRKG/pc6BcqOFT/JhIUSNkPPD052FXOegPxP68ZK//MSWgYxYqEePSRHzOoOBz0B9tUEKxYXxOEBdW7QtxFAmGlW87qEuzZk+dJ7bhol4ql25Nc+WJcRwbsgwOQBzY4BWVwDSqgCjB4Aq/gA3waz8a78WV8j0YXjHFmD0zB+PkFXA6r+A==</latexit>

m(l)
→ = P→F(l↑1)

<latexit sha1_base64="8m6t43dUjIMwWa6gcQJc7WBKKYs=">AAACMnicbVDLSsNAFJ34rPUVdelmsAh1YUlEqhuhKIjuKtgHNLFMppN26OTBzEQpId/kxi8RXOhCEbd+hJM0BW09MHA45x7m3uOEjAppGK/a3PzC4tJyYaW4ura+salvbTdFEHFMGjhgAW87SBBGfdKQVDLSDjlBnsNIyxlepH7rnnBBA/9WjkJie6jvU5diJJXU1a8tD8mB48ZecheX2UHSjS1O+wOJOA8ekrOJXZ8yJvplFjs0VVAvGRUjA5wlZk5KIEe9qz9bvQBHHvElZkiIjmmE0o4RlxQzkhStSJAQ4SHqk46iPvKIsOPs5ATuK6UH3YCr50uYqb8TMfKEGHmOmkw3FdNeKv7ndSLpntox9cNIEh+PP3IjBmUA0/5gj3KCJRspgjCnaleIB4gjLFXLRVWCOX3yLGkeVcxqpXpzXKqd53UUwC7YA2VgghNQA1egDhoAg0fwAt7Bh/akvWmf2td4dE7LMzvgD7TvH1xurJ4=</latexit>

m(l)
→ = P→F(l↑1)

over in-neighbors

Fuzzy adjacency

Propagator

Messages

over out-neighbors

Feature update
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Learning edge directions (+GNN) on Graph Ensemble Data
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Learning edge directions (+GNN) on Graph Ensemble Data
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Experiments on synthetic graph ensemble dataset

1. Directed flow on triangular lattice graph

Gradient of 2-D potential V ∈ [−2,2]2 Triangular lattice graph



1. Directed flow on triangular lattice graph 2. Gene regulatory network

Triangular lattice graph
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Experiments on synthetic graph ensemble dataset
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• For lattice graph, all models were shown undirected graph. 

• For GRN graph, all models were shown the ground truth directed graph

Best regression error Recovery of true angles CoED improves as depth 

Experiments on synthetic graph ensemble dataset



Perturb-seq

Experiments on real graph ensemble dataset

Web traffic

Power grid 

Gene expression levels under different perturbations

Daily visit counts of webpages over time

Optimal operating values under different loading conditions



Experiments on real graph ensemble dataset

• CoED achieves the lowest regression error



Thank you for tuning in!

Paper: https://arxiv.org/abs/2410.14109 

Code: https://github.com/hormoz-lab/coed-gnn 

https://arxiv.org/abs/2410.14109
https://github.com/hormoz-lab/coed-gnn

