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Can we design provably efficient RL algorithm under

Rich Function Approximation ?



Can we design provably efficient RL algorithm under

Linear Function Approximation ?
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v : Computational and sample efficiency ? : Only sample efficiency Credit: Akshay Krishnamurthy

Low Bilinear Rank / Bellman Eluder Dimension 7

Low Bellman / Witness Rank 7

Linear Bellman Complete ?

Linear Quadratic \/

Regulator

Linear MDP \/




v : Computational and sample efficiency ? : Only sample efficiency Credit: Akshay Krishnamurthy

Open problem: does computationally efficient algorithm exist under linear BC?

Answer: yes, when the transition is deterministic!

Linear Bellman Complete ?

Linear Quadratic \/

Regulator

Linear MDP \/




We allow...

Adversarial Initial States \/

Random Rewards \/

Large Action Spaces v

(Assume known reward for simplicity)



Episodic Finite-Horizon MDP

aj a9 ap_1 arr
S]_ >82 > SS P SH—]_ >SH >|
" T2 rg—1  TH
R )
Vii(s) = Q(s,m(s
e =5 [ $on o] T = QT
| i=h VX (s) = max V)| (s)

Regret Minimization

Regr —E |3 (V1) - Vf”(sl))_

10



Linear Bellman Completeness

An MDP is Bellman complete w.r.t. a function class F C RSXA

VfeF: (s,a) — r(s,a)+ f max f(s',a") e F

s'~P(s,a) a

— T f where 7/ is the Bellman operator

In other words, Tf g a o T i y

It is Linear Bellman Complete if F is linear

F = {(s,a) — (¢(s,a), 0):0 € Rd}
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Part 11

Outline

Algorithm : the Trick of Span vs Null Space
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RLSVI

Fort=1,...,T
Forh=H,...,1
2
O omgmin - >- ((6(s,0). 0) =1 = Vi () + A3
(s,a,r,s’")EDy,

En ~ /\/'(0,022];1) where >}, = Z (b(s,a)gb(s,a)T Y

(s,a)eDy,
Qh('v ) < min {<0h + fh) ¢(7 )>7 H}) Vh() Amn mC?JXQh<'7a)

7 < greedy policy w.r.t. )y,

Collect data w/ ¢

Key Idea: &, can cancel out estimation error (65, — ;) to achieve optimism (w/ constant prob)
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Linear Bellman Complete
F = {(s,a) — {(¢(s,a),0) : 0 € Rd}

RLSVI rrcr

Fort=1,...,T

Not linear X <A

Forh=H,... 1 Bayes optimal must be linear

o amgmin > ((6ls.a), 0) —r — Viga(s) -+ A3

0 (s,a,r,s’")EDy,

En ~ ./\/'(0,022}:1) where >}, = Z d(s,a)d(s,a)’ + NI

(s,a)eDy,

"'Qh(‘a ) < min {<9h + &h, ¢(7 )>7 H}) Vh() < m(?‘XQh<'7a)

2N ha2N
7y < greedy policy w.r.t. @, 9\ ~
Linear S~

Collect data w/ ¢ ~

Apply to Linear BC? X S

. re 13
Non-linear Bayes optimal = linear regression fails What if we don’t clip?
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Observation: ||€x]|| = [|0n — 0% || =: ||0r]| - €

Fort=1,...,T
Forh=H,...,1

0}, < argmin
min )

Collect data w/ ¢

Vh Assume ||0h] =1L [0n—1] = (1+¢€)L

Qn(- ) (On +Sny o(-0))

7 < greedy policy w.r.t. @y,

RLSV] o dipping

Linear Bellman Complete
F = {(s,a) — {(¢(s,a),0) : 0 € Rd}
TFCF

((6(s.a), 0) —r — Vi () + A3

(s,a,r,s’")EDy,

(s,a)€Dy,

En ~ /\/'(0,022}71) where X} = Z d(s,a)d(s,a)’ + NI

;o Vu(e) < mC?XQh(-, a)

|0h—2 = (1+€¢)°L

10n + Enll = (1 +¢€)L » 10h—1+ &Ep_1|| = (1 + 6)2L » 10p—2 + &pof| =~ (1 + 6)3L » ......

Qnl =~ (1+¢€)L Qn_1|~ (1+¢€)?L

Without clipping, ||65] grows exponentially

Qn_2| ~ (1+€)°L
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On exponentially large ||0x |
o]} 7

Happens in
(D Regression null space (2 Bellman residual (3 Performance gap
prreee,only
16 — Ohllz,, < Poly(d, H)... _ Poly(d, H@ .. _ Poly(d H)
Qn —TQn| S VF V| <
ol2 .+ S —=
Solution:

When transition is deterministic, add noise in the null space of data only.
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Key Observation

0;, < arg min Z (<¢(s, a), 9> —r — Vh+1(s’))

0 (s,a,r,8")EDy,

2
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Key Observation

2
0, < arg min Z (<qb(s, a), 9> —r — Vh+1(s’)) _
0 (s,a,r,s")EDy, - 0

Deterministic Transition = V41 (S/) is deterministic = 0 h, zeros the empirical risk

Null Space A . Py, : orthogonal projection matrix onto the span
S 1
o
1
| 1
¢

(92 — Qh 1 Span Ph(tgz — Qh) =0
I
On 0 — 0, € Null (1 P)(0; — 0,) =05 — 0,

Span of Dy,
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Key Observation

Fort=1,...,T
Forh=H,...,1

0, < arg min Z (<¢(s, a), 6’> —r— Vh+1(s’))

(S>a7TaSI)EDh

& ~ N(0,0°2, 1) where &y = Z b(s,a)p(s,a)T + I :  No Qeed to explore
: : in the span

Qh<'v ) A <‘9h + &h,s ¢(7 )>7 Vh(') A maXQh('va)

7 < greedy policy w.r.t. Qp,

Collect data w/ ¢



Py, : orthogonal projection onto span

Key Observation

Fort=1,...,T
Forh=H,...,1
2
0y, < arg min Z (<¢(s, a), 0) —r — Vh+1(s’))
0
(s,a,r,s")EDn

En ~ N(0,0°S; 1) where By = > ¢(s,a)p(s,a) " + Al
(57a)€Dh
N En

Qn(-,) < (On + <y 0(4,))s Val:) mC?XQh(',a)
7 < greedy policy w.r.t. Qp,

Collect data w/ ¢

~ N(0, 07 )
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Py, : orthogonal projection onto span

Key Observation

Fort=1,...,T
Forh=H,...,1

0;, < arg min Z (<¢(s, a), ¢9> —r — Vh+1(s’))2

¢ (S,a,T,S/)EDh

~ N (0ig™ )

'S

Qh('v ) . <9h+ 3 ¢(7 )>7 Vh() < mC?XQh('7 CL)
m +— greedy policy""-.yv.r.t. Qn

Collect data w/ ¢

. Caveat: Setting O is challenging (covered in next section).

For now, assume we know how to set it.

21



Fix round ¢ Sp an Argument

(1) All in Span (2) Some in Null Space
Vh : ¢(sp,an) € Span Jh : ¢(sp,ap) & Span
A A
Null Space : Null Space : G(S4,a4)
1 I




Span Argument

Algorithm
(1) All in Span Fort=1,....,T

Vh : ¢(sp,ap) € Span Forh=H,..., 1

0, < arg min Z (<q§(s, a), 9> — P — Vh+1(3’))2

0 (S7a)T78/)EDh

Null Space

En ~ N(0,0%(1 — P))
Qh('7 ) A <‘9h + gha ¢<7 )>7 Vh() A mC?XQh('ch)

7y < greedy policy w.r.t. Qp,
Collect data w/ ¢

LT Qs an) = (Bu+C, (s, an)) = (Ons Ssnan)) = (B, @lsnran)) = QF (sn,an)

Span = Vh:Qn(sn,an) = Q1 (sn,an), Vilsy) =V, (s1)
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Span Argument

(1) All in Span Vi(s1) = V" (s1)
Vh : ¢(sp,an) € Span Vi (51> > V1*<51)

(optimism holds with constant probability)

Null Space

Then, V*(sl) — V7™ (s1)
< Vi(s1) = V7™ (s1)
= Vl(Sl) — V1<81)
=0
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(1) All in Span
Vh : ¢(sp,ap) € Span

Null Space

Span Argument

(2) Some in Null Space

3h - (sn, an) & Span

A
Null Space : &(s4,a4)
I
I
I

\\\\\~¢<S5’ a5>
L
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Span Argument

(2) Some in Null Space

. Jh : ¢(sp, S
Next round, dim(Span) increases by 1 (5n,an) & Span

But Vh : dim(Span) < d

A
Null Space : B (54, a4)
I
I
1

Can happen at most dH times
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Span Argument

(1) All in Span (2) Some in
Regr =0 Regr < dH - H

Theorem. If reward is known, we have

Reg, < dH?

Reward learning
is standard
Theorem. If reward is unknown, we have

Reg, < O (d5/ 2H5/2 4 23/ 2\/T)
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We are not done yet

Fort=1,...,T
Forh=H,...,1

2
0;, < arg min Z (<¢(s, a), ¢9> —r — Vh+1(s’))
0
(s,a,r,s")EDy,
~ N (0ig" )

'S

Qh('v ) . <9h+ 3 ¢(7 )>7 Vh() < mC?XQh('7 CL)
m +— greedy policy""-.yv.r.t. Qn

Collect data w/ ¢

Y. Caveat: Setting O is challenging (the norm issue)
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Part 111

Outline

The Norm Issue
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Algorithm (w/ known reward)

Fort=1,...,71T
Forh=H,...,1

0} < argmin Z

0 (s,a,r,s")EDy,
~ N(0, 7, )
Qh('a') — <(9h+ ) ¢<7>>7

7y < greedy policy w.r.t.Q)p

Collect data w/ ¢

The Norm Issue

We should have
: <] 2 [0 — 03]
(<q§(s, a), ) —r — Vh+1(s’)>
H9h — H

Vi(+) = max Qx (-, a)

How large can it be?
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The Norm Issue

Assume
Algorithm (w/ known reward) 16hial| <L 11654l <L
Fort=1,....,T B -
Forh=H,...,1
2
On < arggmin > (<¢(Saa’)7 0) — 1 — Vh+1(5/>> | | ~ H9h+1 - ‘92+1H < 2L
(s,a,r,s")EDy,
~ N(0,07 )
Qn(-,) < (On + <y 0(,))s Val) mC?XQh(wa) [On+1 + | < 3L
7y < greedy policy w.r.t.Q)p 7 0y =T (On41 + )
Collect data w/ ¢ HHZH <99 Heh B ;H 5??

Linear Bellman Complete

F= {(.s.@ — (¢(s,a), 0) : 0 € Rd} TFCF Don’t know how to set 0,
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The Norm Issue

Algorithm (w/ known reward)
Fort=1,...,71T

Linear Bellman Complete

F = {(s,u) > <(;5<.S’,(l), 9> 0 € Rd} TFCF

Forh=H,...,1 Linear BC allows
. 2 arbitrary norm explosion.
9h <— arg min Z (<¢(3, a), 9> —r — Vh+1(8/)> y p
0
(s,a,r,s")EDy, 1
gh ~ ./\/'(0,0';zl(] o Ph))
Qh(’) ) < <6h + 52)7 ¢<7 )>7 Vh() < maXQh('7 CL) We won t know
z how to set 0,

7y < greedy policy w.r.t.Q)p
Collect data w/ ¢
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An MDP is Linear Bellman Complete if

~

Vi={¢0), 3f=($,0) st. f

Prior Works

(1) Assumel|f]| < R (R : pre-fixed)

Looks not so natural...
(2) Assume H9~||2 < ||0]|2

Not true in tabular MDPs

T
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An MDP is Linear Bellman Complete if

~

Vf=($,0), If=(s0) st. [ =T/

Our Observation

max {$(s,a), §> = max (fr(s, a)+ E max(¢(s,a), 9>> <1+ max (P(s,a), 0)

s,a s,a s'~P(s,a) @

Linear BC controls Z -functional-norm !

It is not an assumption; it is a conclusion.




A Second Visit to Norm

Assume

Algorithm ol <L 107,02 < I
Fort=1,...,7T
Forh=H,...,1
/ 2 o}
O exgmin > (¢8(5,0), ) =7 = Visa(s)) 1501118~ |[Onss — 050 ]|% < 2
(s,a,r,s")EDy,
~ N(0,07 )
@
Qn() (O +En, 0(+0)),  Val) « maxQn(-,a) 10h+1 + 12 < 3L
Ty < greedy POliCY W°r-t~Qh (was stuck here) 0; = T(9h+1 + )
Collect data w/ ¢

107112, S B3L+ 1/

How about ||6x]2, ?
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A Second Visit to Norm

Assume

Algorithm (w/ known reward) H‘9h+1H¢ <L HH;JAH& <L

Fort=1,...,71T

Forh=H,...,1
2 ¢
0, <+ argmin Z <<gb(3,a), (9>—?“—Vh_|_1(3’)) | Hfo ~ H@h+1 —92+1HOO < 2L
S [N
v\\
~ N(()? O-f2l ~j\‘~\
. b <

Qn(2) 4 (B Es B()), Vbl max Qi (- ) 11+ Cniillse S 3L
T < greedy policy w.r.t.Qp ~~\*~\\\ (was stuck here) 0; = T(9h+1 + )
Collect data w/ 7 \\\\ H 92 Hﬁfo ,S 3L+ 1 \/

165 — 0nll% < 6L +2

"< Enforce 0|2, <3L+1
Set oy, > 6L + 2/ 61
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Constrained Squared Loss Regression

0, < argmin Z (<q§(s, a), 9> —r — Vh+1(3’))2

0:11011% <116 1% (s,a,r,s")eDs

In general, need to solve...

Random Walks (Bertsimas & Vempala, 2004) v

needs a linear optimization oracle:

max (6(s,a), 0)
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Background
Algorithm : the Trick of Span vs

The Norm Issue
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Takeaways

An efficient RL algorithm under deterministic transition.

Key Ideas:
(1) Span vs

(2) Z,-functional-norm instead of #-norm
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Future Work

1. Extending the “Span vs ” technique to broader settings
2. Low-variance stochastic transitions

3. Can we ultimately resolve the linear BC problem?

Thank you! Any Questions?
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