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Introduction Theory: Expressivity of Looped Models
What model architectures are good for reasoning? Looping matches iso-flop model! T Ay e— Our theoretical results
Our claim: Looped models are well-suited for reasoning! o i-GSM: Synthetically constructed GSM (Ye g, (39 1) &% /8% 732 o Theorem 1: Any Transformer with L layers, d embedding size, d__ hidden size can be simulated with a
et al. 2024). | 1 layer model 1-layer transformer looped L times with d+L embedding size and Ld__ hidden size.
Prior work on looped models: E.g. E#l := 4. A#B := E#l + J#K. J#K := E#I ng);((llglg) i:;;ﬁ ?21‘;
1. ALBERT, Universal Transformers - Parameter efficiency, Adaptive compute + 3. F#G = A#B + J#K. F#G? Loop (1 ® 4) 1x / 4x 69.9 e Theorem 2: (Looping can simulate CoT) Any L layer transformer on n length input generating m CoT
2. Benefits for In-context learning - Yang et al 2023, Gatmiry et al. 2024. Loop (1® 8) = 1x4/ :; - 152 tokens can be simulated by a looped model with L+0(1) distinct layers, O(log(n+m)) extra embedding size
Our work: e p-hop (Sanford et al.): Sequence traversal Base (2® 1) ay?xnllzxe‘ 54.0 and by running m loops on the input concatenated with m dummy tokens.
e On synthetic reasoning tasks, looped models match the performance of task. Loop (2 ® 2) 2x / 4x 66.9
iso-flop non looped models. E.g.: 2-hop Loop (2®4) 41ae2rx1:/1:§e1 Lo e Other results: For specific problems such as p-hop and group composition, even more parameter optimal
e Looped language models show inductive bias towards reasoning — at bk r'\srt—bd\ Base (4 ® 1) _y4x T Ax: 713 constructions of looped models. We get near depth optimal constructions for these problems.
same perplexity as a non-looped model, stronger reasoning performance. aebcabebaea. Loop (4 ®2) 4x / 8x 71.6
e Looped model performance scales with the number of loops in a : C)(2) .. (o] (] (2] [ 0 [ 0 1 |
predictable manner - scaling law! e n-ary addition: Adding n 3-digit numbers. PR SR In contrast, a
. . Params/ | p=16 p =32 ! [ ]
e Looped models can generate Latent Thoughts and can, in theory, simulate Input: “315 + 120 + 045 + 824 =" ; Output = “1304” FLOPs | n— 256 mn — 256 [ ] CoT can be thought looped model
CoT reasoning. Base (6@1) 6x/6x | 99.9 99.6 i . O EE of as a looped generates 00 ... 0 0 .. 0o
: : : : 1 layer model : multiple new
Iso-param Baseline Looped Model Iso-FLOP Baseline Middle Loopin model generatin P
) ko) (kL ® 1) o Common theme: All the above problems are  Base (1®1) Ix/Ix 48.9 49.0 ? : 7 “latent thouaht [ J
, Loop (1®6) 1x/6x 99.9 99.5 one new token in g
1] B R solvable by a 1-layer model looped L times. T each loop tokens” in each
(2 ) Moreover, performance of a looped model Base (2®1) 2x/2x 68.8 59.4 (") v ) B loop - can be i 3 - F 1 .. 3
L loops ' t | tches iso-fl | d dell Loop (2®3) 2x/6x 99.9 99.8
\- kL layers : strongly matches iso-flop non-looped model! G [ J more efficient. [ }
1 2 2 Base (3®1) 3x/3x 97.2 73.0
6 99.9 99
e < (1) (1) ) I Loop (5@2) Sxion | 5 = HHE e 5] I 0 0 n
(n]) O )
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Params/  Perplexity ({) Closed Open Math Word All Tasks Reasoning °
Pe rp I exity VS Rea SO n i n g ta S k FLOPs (validation) Book QA (T) Book QA (T) Problems (T) Average (T) Primitives (T) M a I n Ta ke aways
(4 tasks) (5 tasks) (6 tasks) (15 tasks) (4 tasks) o o
e Middle Looping . |
Baseline 24x / 24x 7.40 11.2 33.9 29.3 26.0 47.5
pe rfOrmance — | | | o !nductlve bias of looped models for stronger reasoning task performance
Base (12®1) 12x/12x  8.16 82 26.9 26.7 218 3577 Inspired by Gradual Stacking (Saunshi et al. in language models.
i i Loop (12®2) 12x/24x 7.90 9.3 30.8 34.3 26.5 51.2 . . . ) " e )
Causal language modeling on 250B tokens from the Pile dataset at the % Gap B % 30 % %% BE% e | e 2024), wetry looping only the middle layers in a e Looping as a form of “latent thinking”, can subsume CoT in theory. Can
Middle L 12x / 24 7.81 11.0 32.3 28.3 25.0 56.5 . . .
1B parameter scale. Ao1dl) Transformer stack. also be combined with CoT potentially for orthogonal benefits.
i o G % 4 % 78 % 2 % % % - : . . i .. . .
Measured perplexity and downstream performance across 19 tasks. s STayers ® : : ° = __ Outperforms looping the entire model. e Propose variants to vanilla looping and looping inspired regularizers for
Recall: k ®L is a k-layer model looped L times. Base ((8@1)) 8x / 8x 875 63 227 7.1 16.1 33.0 stronger looped model performance
Loop (8® 3 8x /24x | 819 8.5 30.8 28.4 23.9 293 :
5 5 ~ % Gap 41 % 44 % 72 % 92 % 78 % i58l% High level intuition: Starting and ending layers
954 x O3 . X 55.0 1 = ' ,
| . S —— T o] B || 2 Paselredelll ol sl | | LD 8 B ——— 9.25 4.0 193 17.7 14.6 241 | ial role, th dtob d
L9 A - xe 2 21 x Looped (1202) ; i ase (6@1)  6x/6x - - - - - - play a special role, thus need to be treate
g i S 30 X £ T 2 500 x Loop (6 ®4)  6x/24x 8.42 8.2 28.7 29.8 23.7 56.1 _ o .
S e R ;gzg. . Baseline (12®1) 5™ 7 £7°] [« Baseline (1201) % Gap 44 % 58 % 64 % 104 % 80 % %6 % differently. | | FUture D|reCt|on S
T | A - s x Looped (12®2) 28 58 2,..] x Looped(12®2) B TS T 441a)/?irs i = = = = = Middle Looping
o g ” 3 5] x| _23 S ool ase (4 ® x / 4x i : . . : : . . . . .
G70{ « Baseline(izen| ©OF| ¢ = | : Loop (4®6)  4x/24x 8.79 6.7 26.2 24.8 204 56.9 e What other architectural inductive biases can we design for stronger
651 x Looped (12®2) 261@--"" T | o2 iy | T S — % % G 48 % oA % 61 % 77 % 67 % -% . .
52 i.a 216 2.14 2.12 2.10 2.08 2.18 2.'1.6 2.14 212 2.10 2.08 = 2.'1:3 216 2.14 2.12 2.10 2.08 35.02 18 2'1:5 214 212 2.10 2.08 L - d li It Th I hiahli ht d t h th ( : ] human'llke reasonlng mOdGIS?
' ' Lo.g Pell'plex.ity ' Log Perplexity Log Perplexity ' ' Lo'g Pe‘rplex'ity ' anguage mode |ng resulits. e Color |g |g e percen age SNOWS e [ 2 ] o o . .
_ _ ) . : e Can looped models help compress long explicit CoT chains into shorter
At same perplexity looped models achieve better downstream performance. amount of quality gap that looping a set of layers is able to cover compared : P - P P g exp
to a non-looped model. It is smaller for perplexity and memorization ~ latent chains
intensive tasks, much higher for reasoning intensive tasks. % 2 %
1
A S C a I i n g L aW f O r Evall PErDIEHItY (iooplHhese =0.5) Closed Book QA (joop/@pase = 0.5)‘ o Open Book QA (oop/Apase = 0.6)
1001 & e 14 Baseline (D ® 1) Baseline (D ® 1)
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Observation: Performance of Looped models ] il il N O = o= |  Toboost perplexity and yet retain the inductive bias wins for reasoning - we e Fanetal. 2024.Looped Transformers for Length Generalization.
: : 65 e - i - ' 5 - : : T : : . e Gatmiry et al. 2024. On the role of depth and looping for in-context learning with
scales predictably with the number of loops. ceckive Model Depth (0 " Eftective Model Depth (01 ' erecvemceivenno, © propose adding a cosine similarity regularizer between weights in different o d'yers't P PIng g
. . - as v Ity.
Let D = kL be the effective depth of a k layer Eval Token ACC (eoqs/sse = 0.5 15210 Y0020 PLODIETS Cgelhre ~ 0.8) pesenme imives e =28 Joops (rather than strict weight tying). ! . . .
, v w| © Baseline(Dol) . Baseline Do) . e Lanetal. 2020. Albert: A lite bert for self-supervised learning of language
model Iooped L times. S == ToorE O DA | 35| —&— Looped (4®D/4) " —4— Looped (4®D/4) A ="F" 1 L2k 1 representations
3561 T G301 — =% ] G501 BRZ= SR . : (ik+7) ((i+1)k+j)) .
S s — = 22 AT Sa ' / | » Ra(k) = I _ & D > Cosine (OG e e Sanford et al. 2024. Transformers, parallel computation, and logarithmic depth.
. Gl | ) B . et il <207 N P s R <. | g A | | =0 j=0 i ) i ) .
Scaling law: Acc = alog(D) + 8 ) ol 2 L 15— L | nip=" Y e Saunshi et al. 2024. On the Inductive Bias of Stacking towards Improved Reasoning
L 10 | S S L | | . T . . . . . .
% ® W w e I N TR T Gives the model flexibility to improve memorization and thereby recover the e Yang etal. 2023. Looped transformers are better at learning learning algorithms.
. . . Effective Model Depth (D) Effective Model Depth (D) Effective Model Depth (D) . . .. . . :
a = indicator of the impact of depth. perplexity while retaining the benefits in downstream reasoning tasks. * Yeetal 2024. Physics of Language Models. Part 2.1.




