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Background

• Molecules as atomic geometric graphs


• Atom coordinates: ;


• Atom type: 


• Generation


• 3D coordinates and atom types.

(x, y, z)

H, O, F, . . .



Existing Methods: Diffusion Model

• Superior molecule generation results


• Slow inference: ~1,000 sampling steps


• High cost for large-scale inference
Equivariant Diffusion for Molecule Generation in 3D

Figure 2. Overview of the Equivariant Diffusion Model. To generate molecules, coordinates x and features h are generated by denoising
variables zt starting from standard normal noise zT . This is achieved by sampling from the distributions p(zt�1|zt) iteratively. To train
the model, noise is added to a datapoint x,h using q(zt|x,h) for the step t of interest, which the network then learns to denoise.

A distribution is invariant to R transformations if

p(y) = p(Ry) for all orthogonal R. (10)

Köhler et al. (2020) showed that an invariant distribution
composed with an equivariant invertible function results
in an invariant distribution. Furthermore, Xu et al. (2022)
proved that if x ⇠ p(x) is invariant to a group and the
transition probabilities of a Markov chain y ⇠ p(y|x) are
equivariant, then the marginal distribution of y at any time
step is invariant to group transformations as well. This is
helpful as it means that if p(zT ) is invariant and the neural
network used to parametrize p(zt�1|zt) is equivariant, then
the marginal distribution p(x) of the denoising model will
be an invariant distribution as desired.

Points and Features in E(3) In this paper, we consider
point clouds x = (x1, . . . ,xM ) 2 RM⇥3 with correspond-
ing features h = (h1, . . . ,hM ) 2 RM⇥nf. The features h
are invariant to group transformations, and the positions
are affected by rotations, reflections and translations as
Rx + t = (Rx1 + t, . . . ,RxM + t) where R is an or-
thogonal matrix1. The function (zx, zh) = f(x,h) is E(3)
equivariant if for all orthogonal R and t 2 R3 we have:

Rzx + t, zh = f(Rx+ t,h) (11)

E(n) Equivariant Graph Neural Networks (EGNNs)
(Satorras et al., 2021b) are a type of Graph Neural Net-
work that satisfies the equivariance constraint (11). In this
work, we consider interactions between all atoms, and there-
fore assume a fully connected graph G with nodes vi 2 V .
Each node vi is endowed with coordinates xi 2 R3 as
well as features hi 2 Rd. In this setting, EGNN consists
of the composition of Equivariant Convolutional Layers

1As a matrix-multiplication the left-hand side would be written
xRT . Formally Rx can be seen as a group action of R on x.

xl+1,hl+1 = EGCL[xl,hl] which are defined as:
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where l indexes the layer, and dij = kxl
i � xl

jk2 is the
euclidean distance between nodes (vi, vj), and aij are op-
tional edge attributes. The difference (xl

i � xl
j) in Equa-

tion 12 is normalized by dij + 1 as done in (Satorras
et al., 2021a) for improved stability, as well as the at-
tention mechanism which infers a soft estimation of the
edges ẽij = �inf (mij). All learnable components (�e,
�h, �x and �inf ) are parametrized by fully connected
neural networks (cf. Appendix B for details). An entire
EGNN architecture is then composed of L EGCL lay-
ers which applies the following non-linear transformation
x̂, ĥ = EGNN[x0,h0]. This transformation satisfies the
required equivariant property in Equation 11.

3. EDM: E(3) Equivariant Diffusion Model
In this section we describe EDM, an E(3) Equivariant Diffu-
sion Model. EDM defines a noising process on both node
positions and features, and learns the generative denois-

ing process using an equivariant neural network. We also
determine the equations for log-likelihood computation.

3.1. The Diffusion Process

We first define an equivariant diffusion process for coordi-
nates xi with atom features hi that adds noise to the data.
Recall that we consider a set of points {(xi,hi)}i=1,...,M ,
where each node has associated to it a coordinate represen-
tation xi 2 Rn and an attribute vector hi 2 Rnf. Let [·, ·]
denote a concatenation. We define the equivariant noising
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Figure 1: The Illustration of Probability Paths based on Different Molecule Generative Models.
1. The diffusion path (Hoogeboom et al., 2022; Xu et al., 2023), which typically deviates from a
straight line map, necessitates a large number of sampling steps. 2. The hybrid transport (Song
et al., 2023a) ensures straight transport for atomic coordinates, but it does not guarantee the same for
atom features. Furthermore, this cost does not consider the optimal distribution couplings, leading to
suboptimal transport between distributions. 3. GOAT simultaneously considers the optimal transport
for atom coordinates and features, providing a joint and straight path for fast sampling.

man et al., 2022; Tong et al., 2023; Dao et al., 2023; Liu et al., 2022; Klein et al., 2023; Song et al.,
2023a).

This paper aims to deal with the problem of fast and effective 3D molecule generation based on flow

matching optimal transport principle. In particular, our objective is to obtain a distribution transport
trajectory with optimal transport cost and generation quality regarding molecule validity, unique-
ness, and novelty. A few recent works have been proposed to improve the sampling efficiency of
the geometrical domains via flow matching principle. (Klein et al., 2023) was proposed for efficient,
simulation-free training of equivariant continuous normalizing flows, which can produce samples
from the equilibrium Boltzmann distribution of a molecule in Cartesian coordinates. However, it
can only work for many-body molecular systems and does not consider atomic features.

In the context of molecule generation, properly characterizing the transport cost to optimize over is
indispensable and challenging. There are two main challenges. Firstly, the multi-modal property
of atomic feature space, typically consisting of continuous atom coordinates and categorical atom
types, makes the transport cost measurement hard to optimize. Secondly, the optimal transport
problem essentially is to search optimal distribution couplings for mapping. This process typically
requires similarity computation of the two distributions. However, the various sizes of geometrical
graphs to transport introduce difficulties in evaluating the distribution similarity. The closest to
ours is EquiFM (Song et al., 2023a), which attempts to address the multi-modality issue by using
different probability paths to transport each modality separately. The proposed equivariant optimal
transport (OT) for transporting atom coordinates indeed forms a straight-line trajectory for training,
while the variance-preserving principle could not ensure a straight-line trajectory for atom features.
Therefore, the fused flow paths might deviate strongly from the OT paths and could not ensure
optimal coupling between two probability measurements, leading to large computational costs and
numerical errors.

In this work, we propose a new framework for fast 3D molecule generation based on a novel and
principled optimal transport flow-matching objective, dubbed as Geometric OptimAl Transport
(GOAT). In particular, we formulate a geometric transport cost measurement for optimally transport-
ing continuous atom coordinates and categorical features, which is inherently a Bilevel optimization
problem. To deal with the first challenge induced by transporting multiple modalities, GOAT lever-
ages a latent variable model equipped with equivariant networks to map the multi-modal features
into a joint, equivalent, and smooth representation space. This equivariant latent variable model has
been proven to be flexible and expressive for modeling complex 3D molecules (Satorras et al., 2021;
Xu et al., 2023). A latent flow matching then operates over the latent space, which can provide
distributional coupling estimation.

To tackle the second challenge — obtaining the optimal distribution couplings, we propose to re-
frain from directly working with distribution similarity computation. Specifically, we propose to
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simulation-free training of equivariant continuous normalizing flows, which can produce samples
from the equilibrium Boltzmann distribution of a molecule in Cartesian coordinates. However, it
can only work for many-body molecular systems and does not consider atomic features.

In the context of molecule generation, properly characterizing the transport cost to optimize over is
indispensable and challenging. There are two main challenges. Firstly, the multi-modal property
of atomic feature space, typically consisting of continuous atom coordinates and categorical atom
types, makes the transport cost measurement hard to optimize. Secondly, the optimal transport
problem essentially is to search optimal distribution couplings for mapping. This process typically
requires similarity computation of the two distributions. However, the various sizes of geometrical
graphs to transport introduce difficulties in evaluating the distribution similarity. The closest to
ours is EquiFM (Song et al., 2023a), which attempts to address the multi-modality issue by using
different probability paths to transport each modality separately. The proposed equivariant optimal
transport (OT) for transporting atom coordinates indeed forms a straight-line trajectory for training,
while the variance-preserving principle could not ensure a straight-line trajectory for atom features.
Therefore, the fused flow paths might deviate strongly from the OT paths and could not ensure
optimal coupling between two probability measurements, leading to large computational costs and
numerical errors.

In this work, we propose a new framework for fast 3D molecule generation based on a novel and
principled optimal transport flow-matching objective, dubbed as Geometric OptimAl Transport
(GOAT). In particular, we formulate a geometric transport cost measurement for optimally transport-
ing continuous atom coordinates and categorical features, which is inherently a Bilevel optimization
problem. To deal with the first challenge induced by transporting multiple modalities, GOAT lever-
ages a latent variable model equipped with equivariant networks to map the multi-modal features
into a joint, equivalent, and smooth representation space. This equivariant latent variable model has
been proven to be flexible and expressive for modeling complex 3D molecules (Satorras et al., 2021;
Xu et al., 2023). A latent flow matching then operates over the latent space, which can provide
distributional coupling estimation.

To tackle the second challenge — obtaining the optimal distribution couplings, we propose to re-
frain from directly working with distribution similarity computation. Specifically, we propose to
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Existing Methods: Flow Matching

• Simulation-free training paradigm


• Faster molecule generation


• Non-optimal transport

Figure 1: Illustration of EquiFM. We define a hybrid path for generating molecules g = →x,h↑,
where x is trained on an equivariant optimal transport path and h is trained on a path whose
information quantity is aligned with x’s path. The sampling is conducted by solving an ODE, i.e.
g0 = ODESolve(g1, vω, 1, 0).
DM-based methods typically suffer from unstable probability dynamics which could lead to an
inefficient sampling speed also limit the validity rate of generated molecules.

In this work, we propose a novel and principled flow-matching objective, termed Equivariant Flow-
Matching (EquiFM), for geometric generative modeling. Our method is inspired by the recent
advancement of flow matching [26], a simulation-free objective for training CNFs that has demon-
strated appealing generation performance with stable training and efficient sampling. Nevertheless,
designing suitable geometric flow-matching objectives for molecular generation is non-trivial:

(1) the 3D skeleton modeling is sensitive, i.e., a slight difference in the atom coordinates could affect
the formulation of some certain types of bonds; (2) the atomic feature space consists of various
physical quantities which lies in the different data modality, e.g., charge, atom types, and coordinates
are correspondingly discrete, integer, and continuous variables. To this end, we highlight our key
innovations as follows:

• For stabling the 3D skeleton modeling, we introduce an Equivariant Optimal-Transport
to guide the generative probability path of atom coordinates. The improved objective
implies an intuitive and well-motivated prior, i.e. minimizing the coordinates changes during
generation, and helps both stabilize training and boost the generation performance.

• Towards the modality inconsistency issues, we proposed to differ the generative probability
path of different components based on the information quantity and thus introduce a hybrid
generative path. The hybrid-path techniques distinguish different modalities without adding
extra modeling complexity or computational load.

• The proposed model lies in the scope of continuous normalizing flow, which is parameterized
by an ODE. We can use an efficient ODE solver during the molecule generation process to
improve the inference efficiency upon the SDE simulation required in DMs.

A unique advantage of EquiFM lies in the framework enriching the flexibility to choose different
probability paths for different modalities. Besides, the framework is very general and could be
easily extended to various downstream tasks. We conduct detailed evaluations of the EquiFM on
multiple benchmarks, including both unconditional and property-conditioned molecule generation.
Results demonstrate that EquiFM can consistently achieve superior generation performance on all the
metrics, and 4.75↓ speed up on average. Empirical studies also show a significant improvement in
controllable generation. All the empirical results demonstrate that the EquiFM enjoys a significantly
higher modeling capacity and inference efficiency.

2 Related Work

Flow Matching and Diffusion Models Diffusion models have been studied in various research works
such as [47, 12, 49], and have recently shown success in fields like high-dimensional statistics [41],
language modeling [23], and equivariant representations [13]. Loss-rescaling techniques for diffusion
models have been introduced in [48], while enhancements to the architecture incorporating classifier
guidance are discussed in [8]. Noise schedule learning techniques have also been proposed in [33, 18].
Diffusion models suffer from unstable probability dynamics and inefficient sampling, which limits
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problem essentially is to search optimal distribution couplings for mapping. This process typically
requires similarity computation of the two distributions. However, the various sizes of geometrical
graphs to transport introduce difficulties in evaluating the distribution similarity. The closest to
ours is EquiFM (Song et al., 2023a), which attempts to address the multi-modality issue by using
different probability paths to transport each modality separately. The proposed equivariant optimal
transport (OT) for transporting atom coordinates indeed forms a straight-line trajectory for training,
while the variance-preserving principle could not ensure a straight-line trajectory for atom features.
Therefore, the fused flow paths might deviate strongly from the OT paths and could not ensure
optimal coupling between two probability measurements, leading to large computational costs and
numerical errors.

In this work, we propose a new framework for fast 3D molecule generation based on a novel and
principled optimal transport flow-matching objective, dubbed as Geometric OptimAl Transport
(GOAT). In particular, we formulate a geometric transport cost measurement for optimally transport-
ing continuous atom coordinates and categorical features, which is inherently a Bilevel optimization
problem. To deal with the first challenge induced by transporting multiple modalities, GOAT lever-
ages a latent variable model equipped with equivariant networks to map the multi-modal features
into a joint, equivalent, and smooth representation space. This equivariant latent variable model has
been proven to be flexible and expressive for modeling complex 3D molecules (Satorras et al., 2021;
Xu et al., 2023). A latent flow matching then operates over the latent space, which can provide
distributional coupling estimation.

To tackle the second challenge — obtaining the optimal distribution couplings, we propose to re-
frain from directly working with distribution similarity computation. Specifically, we propose to
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atom features. Furthermore, this cost does not consider the optimal distribution couplings, leading to
suboptimal transport between distributions. 3. GOAT simultaneously considers the optimal transport
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can only work for many-body molecular systems and does not consider atomic features.

In the context of molecule generation, properly characterizing the transport cost to optimize over is
indispensable and challenging. There are two main challenges. Firstly, the multi-modal property
of atomic feature space, typically consisting of continuous atom coordinates and categorical atom
types, makes the transport cost measurement hard to optimize. Secondly, the optimal transport
problem essentially is to search optimal distribution couplings for mapping. This process typically
requires similarity computation of the two distributions. However, the various sizes of geometrical
graphs to transport introduce difficulties in evaluating the distribution similarity. The closest to
ours is EquiFM (Song et al., 2023a), which attempts to address the multi-modality issue by using
different probability paths to transport each modality separately. The proposed equivariant optimal
transport (OT) for transporting atom coordinates indeed forms a straight-line trajectory for training,
while the variance-preserving principle could not ensure a straight-line trajectory for atom features.
Therefore, the fused flow paths might deviate strongly from the OT paths and could not ensure
optimal coupling between two probability measurements, leading to large computational costs and
numerical errors.

In this work, we propose a new framework for fast 3D molecule generation based on a novel and
principled optimal transport flow-matching objective, dubbed as Geometric OptimAl Transport
(GOAT). In particular, we formulate a geometric transport cost measurement for optimally transport-
ing continuous atom coordinates and categorical features, which is inherently a Bilevel optimization
problem. To deal with the first challenge induced by transporting multiple modalities, GOAT lever-
ages a latent variable model equipped with equivariant networks to map the multi-modal features
into a joint, equivalent, and smooth representation space. This equivariant latent variable model has
been proven to be flexible and expressive for modeling complex 3D molecules (Satorras et al., 2021;
Xu et al., 2023). A latent flow matching then operates over the latent space, which can provide
distributional coupling estimation.

To tackle the second challenge — obtaining the optimal distribution couplings, we propose to re-
frain from directly working with distribution similarity computation. Specifically, we propose to
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• Geometric transport cost:

min
Γ

𝔼[ ̂cg(g0, g1)],

s. t.  (g0, g1) ∈ Γ(p0, p1),
̂cg(g0, g1) = λ min

R,t,π
∥π(Rx1
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Experiments on QM9 Dataset
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4.2 RESULTS AND ANALYSIS

Table 1: Comparisons of generation quality regarding Atom Stability, Validity, Uniqueness, Novelty,
and Significance. And comparisons of generation efficiency regarding Steps and Time. The best
results are highlighted in bold.

QM9 Quality (→) Efficiency (↑)
Metrics Atom Sta Valid Uniqueness Novelty Significance Steps S-Time

Data 99.0 97.7 100.0 - - - -
ENF 85.0 40.2 98.0 - - - -

G-Schnet 95.7 85.5 93.9 - - - -
GDM-aug 97.6 90.4 99.0 74.6 66.8 1000 1.50

EDM 98.7 91.9 98.7 65.7 59.6 1000 1.68
EDM-Bridge 98.8 92.0 98.6 - - 1000 -

GeoLDM 98.9 93.8 98.8 58.1 53.9 1000 1.86
GeoBFN 98.6 93.0 98.4 70.3 64.4 100 0.16
EquiFM 98.9 94.7 98.7 57.4 53.7 200 0.37

GOAT (Ours) 99.2 92.9 99.0 78.6 72.3 90 0.12

Table 2: Comparisons of generation quality regarding
Atom Stability, Validity, Steps, and Time on GEOM-
DRUG. The best results are highlighted in bold.

GEOM-DRUG Quality (→) Efficiency (↑)
Metrics Atom Sta Valid Steps S-Time

Data 86.5 99.9 - -
GDM-aug 77.7 91.8 1000 -

EDM 81.3 92.6 1000 14.88
EDM-Bridge 82.4 92.8 1000 -

GeoLDM 84.4 99.3 1000 12.84
GeoBFN 78.9 93.1 100 1.27
EquiFM 84.1 98.9 200 2.02

GOAT (Ours) 84.8 96.2 90 0.94

Figure 3: The blue histogram plots the
comparisons of distribution transport cost.
The red line chart depicts the average trans-
port cost per atom (best view in color).

In this study, we generate 10K molecular samples for each method and compute the aforementioned
metrics for comparisons. The evaluation results are presented in Tables 1 and 2 with Figure 3.
Performance Comparisons with Diffusion-Based Methods. We observe that all diffusion-based
generation methods indeed need 1000 sampling steps to achieve comparable generation quality. Sur-
prisingly, with the least sampling steps, GOAT achieves the best atom stability, uniqueness, novelty,
and significance over QM9. Specifically, it improves novelty by up to 35.2% and significance by
up to 34.1%, respectively. Among these diffusion models, GeoLDM achieves the best validity per-
formance. However, it owns relatively poor novelty and significance, 58.1% and 53.9% on QM9,
respectively. These results indicate that the latent diffusion models can model the complex geomet-
ric 3D molecules well but introduce a serious overfitting problem — generating more molecules that
are the same as the training samples. Though GDM-Aug can achieve the second-best novelty among
all methods, it needs 1000 sampling steps for 3D molecule generation. As for GEOM-DRUG, we
directly compare the validity as ultimate significance since all compared methods achieved almost
100% uniqueness (Xu et al., 2023). Table 2 shows that the proposed algorithm also achieves com-
petitive performance while maintaining a leading edge in generation speed on such a large-scale
dataset. Specifically, GOAT only spends 0.94 seconds for each valid, unique, and novel molecule on
average and reaches 96.2% validity, while GeoLDM takes more than 10↓ seconds to reach 99.3%.
We believe this performance is competitive and more efficient.

Performance Comparisons with Flow-Matching-Based Methods. EquiFM and GOAT are all
based on flow matching, using an ODE solver for generation. We can see that flow-matching-based
methods can obtain faster generation speeds than diffusion models. In particular, GOAT only needs
90 steps, while EquiFM requires 200 steps for sampling. EquiFM solely considers optimal transport
for atom coordinates. Therefore, the generation speed is still inferior to ours. Because the proposed
GOAT solves optimal molecule transport and optimal distribution transport together, the number
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4.2 RESULTS AND ANALYSIS

Table 1: Comparisons of generation quality regarding Atom Stability, Validity, Uniqueness, Novelty,
and Significance. And comparisons of generation efficiency regarding Steps and Time. The best
results are highlighted in bold.

QM9 Quality (→) Efficiency (↑)
Metrics Atom Sta Valid Uniqueness Novelty Significance Steps S-Time

Data 99.0 97.7 100.0 - - - -
ENF 85.0 40.2 98.0 - - - -

G-Schnet 95.7 85.5 93.9 - - - -
GDM-aug 97.6 90.4 99.0 74.6 66.8 1000 1.50

EDM 98.7 91.9 98.7 65.7 59.6 1000 1.68
EDM-Bridge 98.8 92.0 98.6 - - 1000 -

GeoLDM 98.9 93.8 98.8 58.1 53.9 1000 1.86
GeoBFN 98.6 93.0 98.4 70.3 64.4 100 0.16
EquiFM 98.9 94.7 98.7 57.4 53.7 200 0.37

GOAT (Ours) 99.2 92.9 99.0 78.6 72.3 90 0.12

Table 2: Comparisons of generation quality regarding
Atom Stability, Validity, Steps, and Time on GEOM-
DRUG. The best results are highlighted in bold.

GEOM-DRUG Quality (→) Efficiency (↑)
Metrics Atom Sta Valid Steps S-Time

Data 86.5 99.9 - -
GDM-aug 77.7 91.8 1000 -

EDM 81.3 92.6 1000 14.88
EDM-Bridge 82.4 92.8 1000 -

GeoLDM 84.4 99.3 1000 12.84
GeoBFN 78.9 93.1 100 1.27
EquiFM 84.1 98.9 200 2.02

GOAT (Ours) 84.8 96.2 90 0.94

Figure 3: The blue histogram plots the
comparisons of distribution transport cost.
The red line chart depicts the average trans-
port cost per atom (best view in color).

In this study, we generate 10K molecular samples for each method and compute the aforementioned
metrics for comparisons. The evaluation results are presented in Tables 1 and 2 with Figure 3.
Performance Comparisons with Diffusion-Based Methods. We observe that all diffusion-based
generation methods indeed need 1000 sampling steps to achieve comparable generation quality. Sur-
prisingly, with the least sampling steps, GOAT achieves the best atom stability, uniqueness, novelty,
and significance over QM9. Specifically, it improves novelty by up to 35.2% and significance by
up to 34.1%, respectively. Among these diffusion models, GeoLDM achieves the best validity per-
formance. However, it owns relatively poor novelty and significance, 58.1% and 53.9% on QM9,
respectively. These results indicate that the latent diffusion models can model the complex geomet-
ric 3D molecules well but introduce a serious overfitting problem — generating more molecules that
are the same as the training samples. Though GDM-Aug can achieve the second-best novelty among
all methods, it needs 1000 sampling steps for 3D molecule generation. As for GEOM-DRUG, we
directly compare the validity as ultimate significance since all compared methods achieved almost
100% uniqueness (Xu et al., 2023). Table 2 shows that the proposed algorithm also achieves com-
petitive performance while maintaining a leading edge in generation speed on such a large-scale
dataset. Specifically, GOAT only spends 0.94 seconds for each valid, unique, and novel molecule on
average and reaches 96.2% validity, while GeoLDM takes more than 10↓ seconds to reach 99.3%.
We believe this performance is competitive and more efficient.

Performance Comparisons with Flow-Matching-Based Methods. EquiFM and GOAT are all
based on flow matching, using an ODE solver for generation. We can see that flow-matching-based
methods can obtain faster generation speeds than diffusion models. In particular, GOAT only needs
90 steps, while EquiFM requires 200 steps for sampling. EquiFM solely considers optimal transport
for atom coordinates. Therefore, the generation speed is still inferior to ours. Because the proposed
GOAT solves optimal molecule transport and optimal distribution transport together, the number
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Takeaways

We developed a geometric optimal transport framework to accelerate 3D 
molecule generation


We achieves the fastest high-quality generation via addressing optimal 
molecule transport and optimal distribution transport


