
Optimal Threshold Defined by 
the Intersection of Two Curves

Training PipelineEarly Classification Is Pivotal for 
Time-Sensitive Analysis 

Learning the Optimal Stopping for Early Classification  
within Finite Horizons via Sequential Probability Ratio Test
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Example Estimated Thresholds on Gaussian Datasets

Sequential Probability Ratio Test (SPRT) Is 
Suboptimal Under Finite Horizon Constraints
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Finding Optimal Thresholds Is 
Computationally Intensive 
Bayes Risk to be minimized with the optimal threshold

Backward induction equation to minimize the Bayes Risk

Misclassification

Penalty

Sampling

cost

A posteriori risk

 (APR)

Sufficient statistic i.e., 

Log-likelihood ratio (LLR)


 or posterior
Decision to 

classify as class k Constanttime

Sequential data
Class posterior

Curse of dimensionality at

estimating the conditional expectation

FIRMBOUND Is “Doubly-Consistent” 
- providing consistent estimation of likelihood ratio and the thresholds

Noisy convex regression

Likelihood ratio estimation with SPRT-TANDEM

LLR estimated with

TANDEM formula

Mean squared error

FIRMBOUND Minimizes the Bayes Risk to 
Delineate the Pareto Front
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Static SPRT on true LLRs
Static SPRT on estimated
LLRs (SPRT-TANDEM)

Three-class i.i.d. Gaussian
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Vanilla SPRT 
on true LLRs 
Vanilla SPRT on
estimated LLRs 
(SPRT-TANDEM)
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TL;DR
FIRMBOUND is an SPRT-based early classification framework 
that provides a statistically consistent and computationally 
efficient estimator of optimal decision boundaries for time series 
of finite lengths, tailored for large-scale real-world problems.
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(Optional) Gaussian Process (GP) regression for lightweight training
• Significantly reduces training time with potential compromise in statistical consistency 
• Assuming      and                         are Gaussian noise and GP, respectively, the conditional  

expectation estimation problem is reduced down to GP regression problem:

Response variable 
Gaussian noise

Explanatory variableLatent function

Biometric 
entrance gate cf) Siahkamari et al. 2022

cf) Ebihara et al. 2021, 

                    Ebihara and Miyagawa, 2021


