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Let            be two probability measures that has supports in        ,  the sliced Wasserstein 
distance of order             :

where            is the unit-hypersphere, the Wasserstein distance on one-dimension has the 
closed-form:

                                                                              

and        denotes the pushforward probability measure of      through the function     
                     with                      , and          denotes the inverse CDF.

Sliced Wasserstein Distance



For            marginals                       

                                    
 uniform case:
Let       be parameterized, then estimate gradient of barycenter by:

 

Monte Carlo estimator:

Sliced Wasserstein Barycenter



Objective: Find a barycenter that minimizes the distances to marginals

while having equal distances to marginals at the same time.

                 

                                    

Motivations

Marginals Uniform SWB Marginal Fairness SWB

Not fair Fair



For            marginals                                     and admissible                           

                                    

Lagrange Multiplier: Marginal Fairness Sliced Wasserstein barycenter (MFSWB)
 

Marginal Fairness Sliced Wasserstein Barycenter



 surrogate Marginal Fairness Sliced Wasserstein Barycenter (s-MFSWB)
                  

unbiased surrogate Marginal Fairness Sliced Wasserstein Barycenter (us-MFSWB)

Marginal Fairness Sliced Wasserstein Barycenter



energy-based surrogate Marginal Fairness Sliced Wasserstein Barycenter (es-MFSWB)

Marginal Fairness Sliced Wasserstein Barycenter

Energy-based Slicing distribution 
instead of Uniform distribution



Experiments

F metric: represents the marginal fairness degree of the barycenter

W metric: represents the centrality of the barycenter



Experiments: Toy example barycenter of Gaussian



Experiments: 3D Point Cloud Averaging



Experiments: Color Harmonization



Experiments: Sliced Wasserstein Autoencoder
New added objectiveSW Autoencoder objective



Experiments: Sliced Wasserstein Autoencoder

Vanilla version use USWB 
(Uniform)

use MFSWB 
(Lagrange)

use es-MFSWB
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