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Diffusion Models

Generative Diffusion is the frontier of image and video generation [1].

dXt — dZt

Forward process: Xg ~ po(X),

Backward process: x¢, ~ N (0,t51q)

dx; = —s(xy,t)dt + dZ;

Score: S(Xt,t) = Vi log pt(Xt)

— VXS(Xt, t)

Jacobian of the Score function: J(Xt, t)

Manifolds and Spectral Gaps

We assume that the target distribution is supported on a manifold
M with latent dimension m < d..
For a small perturbation p around a manifold point the score can be
approximated as

s(x* 4+ p,t) =~ J(x*,t) p
Perturbations aligned with the tangent space of M correspond to small
eigenvalues, orthogonal perturbations to large eigenvalues.
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Latent dimensionality

The hidden dimensionality of the manifold can be estimated from the
location of a drop in the sorted spectrum of J [2].

Subspaces and Intermediate Gaps

The spectrum of the eigenvalues of .J can show sub-gaps, i.e. subsets of
null eigenvalues, indicating the presence of separate subspaces
associated to certain local variances.
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Phenomenology
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The diffusing trajectory is Brownian regardless the manifold directions.

Manifold Coverage (ll)

The process progressively fits the target distribution defined on the manifold:
different subspaces with different variances emerge as intermediate gaps in the
spectrum of .J.The time scale at which the k-th gap is maximally visible is:

tk — O(O‘k . O'k+1)

Manifold Consolidation (l11)

Asymptotic closure of the intermediate gaps and the sharpening of the total manifold
gap, indicating the full dimensionality of M

1
S(X¢,t) = 3 [H — Id}x, N=FF'"F)F'

The geometric phases and manifold overfitting

Likelihood-based generative models are prone to manifold overfitting: the trained
model fits the manifold while ignoring its internal density, resulting in poor generation
[3]. Our analysis suggests that generative diffusion models overcome this limitation
since the score function is sensitive to the target distribution, defined on the
manifold, even at intermediate times.

Theoretical analysis
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Experiments

Synthetic Linear Datasets

Linear manifold data [4]: yH = Fz', z' ~N(0,1,), F ¢ RdXxm
Jacobian of the Score function:
i 1—1
1 1 .
Jt:;F Im+ZFF F' — 1,

Choice of the matrix [’ as

Fy; ~N(0,07/m) for j < fm
F;; ~N(0,05/m) for j > fm

The spectrum of F' Fat any time ¢ can be computed via Replica Method [5].

14 —— Theory 14 4 —— Theory 14 4 —— Theory 14 4 —— Theory
Numerics Numerics Numerics Numerics
12 12 12 1 12 4
10 10 10 10
> > > >
¢ ¢ c c
@ 81 U 8- v 81 o 84
= | - = ) =)
o o o ]
& 61 &= 61 = 61 = 61
4 4 4 4 4
2 2 - 24 24 /
0= {\ r v v . 0~ !\ . r : y . 01~ v WP s S==azar . v 04~ - . . . r .
-12 -10 -08 -06 -04 =02 0.0 0.2 -12 -10 -08 -06 -04 =02 0.0 0.2 -12 -10 -08 -06 -04 =02 0.0 0.2 -12 -10 -08 -06 -04 =02 0.0 0.2
Eigenvalues Eigenvalues Eigenvalues Eigenvalues
— — — —
(a) £ = 10 (b) t= 0.1 (c) = 0.01 (d) t = 5e-4
10 T 1.0 1.0 10
g 5 g \ g g
3 0.8 4 : 3 0.8 4 : E 0.8 4 3 0.8 4
@ | ] | L) ]
> | > I > >
= \ c \ = [ —
5 ' 5 ' 5 5
o 061 E o 061 i o 061 o 061
@ L L @
3 = o = o
- - - -
] s s s
o 0414 g 04 o 04 o 04
=) o =) g
o o 2 o
o o o o
© @ T 0.2 @
= = = =
| | :\
0.0 - ' ! . 0.0 . . - . 0.0 - . ” 0.0 - - -
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Cumulative Function Cumulative Function Cumulative Function Cumulative Function
a— S s s R
(e) t = 10 (1)t = 0d (g) t = 0.01 (h) t = 5e-4

This same analysis can be extended to the more general case where the spectral
density is known to be formed by different detached bulks, associated with
hierarchically smaller variances of the data.
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Theory Vs. Neural Networks:
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Natural Image Datasets

CelebA singular values for different diffusion time

MNIST singular values for different diffusion time Cifarl0 singular values for different diffusion time
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