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Observation

Existing late fusion methods encounter three significant limitations:

@ reliance on fixed base partition matrices that do not adaptively
optimize during the clustering process, thereby constraining their
performance to the inherent representational capabilities of these
matrices;

® a focus on adjusting kernel weights to explore inter-view consistency
and complementarity, which often neglects the intrinsic high-order
correlations among views, thereby limiting the extraction of
comprehensive multiple kernel information;

© a lack of adaptive mechanisms to accommodate varying
distributions within the data, which limits robustness and
generalization.
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contribution

The primary contributions of this paper are summarized as follows,

@ This study is the first to incorporate a min-max optimization
paradigm into tensor-based MKC, which represents a pioneering
exploration of min-max optimization aimed at enhancing both
performance and robustness in clustering.

® We propose a groundbreaking approach for the dynamical
reconstruction and calibration of base partition matrices from
LFMVC, effectively overcoming their representational bottleneck
and enhancing clustering performance.

©® We stack the reconstructed representations into tensors and
optimize dynamic partitions using tensor techniques, significantly
enhancing our ability to learn high-order correlations and uncover
latent structures across views.

® To solve the resultant optimization problem, we design an innovative
and efficient strategy to combine the RGDM with ADMM.
Extensive experimental results across various benchmarks validate

both the effectiveness and efficiency of our proposed algorithm:
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Related Work

Late Fusion Multi-view Clustering

Given n samples in k clusters among m views, its optimization goal can
be mathematically expressed as

maXH,{Wp};’:l,ﬁ Tr(HT szl /BPHPWP)

1
st. HHH=I, W)W, =1, Z,L B3 =1,8,>0,p, ()
where the objective denotes the alignment between the consensus
partition matrix H € R™¥ and a group of pre-calculated base partition
matrices {H};" 1, and W, € R¥*k is the p-th transformation matrix.
After obtaining the consensus partition matrix H, a standard k-means
algorithm is applied to compute the discrete cluster assignments.
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Preliminaries of 3-Order Tensor

tensor singular value decomposition (t-SVD): For a tensor

A € Rm*mxm its t-SVD can be factorized as A=U %S« V', where

U e Rm*m*m and S € R™*™*"™ are orthogonal tensors, and

V € Rm*m*ns ig an f-diagonal tensor, whose each frontal slices is a
diagonal matrix. According to the literature
kilmer2013third,kilmer2011factorization, the above t-SVD problem can
be efficiently settled by matrix SVD in the Fourier domain, i.e.,
Zk:ngkT/:,k: 1,2,~-~ , N3

t-SVD based tensor nuclear norm (t-TNN): For a tensor

A € Rmxmxns jts t-TNN can be expressed

as,|[Alle = X0 [Ad]]. = X5, S 5.0A,), where oi(Ay) denotes
the i~th largest smgular value of Ak.

Note that according to zhang2014novel,semerci2014tensor, t-TNN is
proven to be valid and the tightest convex relaxation to /i-norm of the
tensor multi-rank.
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Framework diagram of DLEFT-MKC

Gmde

|
Yy .l am--s
|
|
clusterlng A A A I ™ .J
A Ax" ' -4

Paritions Pamtmns

Kernel Matrices  Base Partitions

Figure 1: The framework diagram of the proposed DLEFT-MKC algorithm.
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Formulation of DLEFT-MKC

We first introduce the dynamic partitions {Fp " , to reconstruct the
base partition matrices {F,}]_; of late fusion strategy based MKC. Next,
We maximize the alignment between the reconstructed and base
partitions to ensure the quality of reconstruction, and dynamically
optimize this alignment during the subsequent iterations. Furthermore,
to explore and capture higher-order intrinsic correlations across views, we
stack the dynamic reconstruction {F,, ", into a tensor F and optimize it
with t-TNN. Additionally, we impose an orthogonal constraint on it to
preserve its capacity to reveal the clustering structure. Thus we can
obtain the following expression:

m
max )

), Tr(F) Fp) — pl|Flle, st. F)F,=1Yp. 2)
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Formulation of DLEFT-MKC

Next, we attempt to directly learn the consensus clustering partition by
incorporating Eq.(2) and permutation matrices { T}, with the
paradigm of LEFMVC. In addition, due to the dlfFerent contributions of
various views, we assign kernel weight coefficients ~ to each view in order
to sufficiently mine and learn each kernel view with particular emphasis.
Finally, we pioneeringly introduce the min-max paradigm into the
resultant objective function, which minimizes the function w.r.t. v and
maximizes it w.r.t. F, F*,F, and T,. Therefore, the final objective
function can be expressed as follows,
m ~
Fn:_ax_r mﬂ/m max Tr(F“T(z:p:1 fyf,FpT —I—)\Z 2Tr FT F,) — pl|F||e,
st F,=1T, T,=1Vpye A F F =1

(3)
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Optimization of DLEFT-MKC

To solve the resultant max-min-max optimization problem of
DLEFT-MKC in Eq.(3), we combine the optimization strategies of the
reduced gradient descent method (RGDM) and Alternating Direction
Method of Multipliers (ADMM), updating one specific variable while
keeping others fixed. To facilitate the divisibility of F, we introduce an
auxiliary tensor variable A according to the principles of ADMM.

Detail optimization is given in the paper.
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The Proposed Algorithm Pseudo Code

Algorithm 1 Min-Max Optimization For ~y and F*

Input: F* {F, F, T,}m™ ~,k\

Ouput: Weight coefficients «y and consensus clustering partition F*.
1: while not converge do
2:  calculate H®) via a kernel k-means with K.

3:  Calculate the reduced gradient [7G ()], via Eq.

4:  Calculate the descent direction V' in Eq.(T4).

5: Update weight coefficients v < v 4+ o'V with the step size a.

6:

7

8:

9:

if max [y — Yoiq| < 107% then

Converge.
: endif
end while
Algorithm 2 DLEFT-MKC
Input: Base partition matrices {Fp};,”:] , the number of clusters k, trade-off parameters A and p.

Output: Consensus clustering partition F*.
1: Initialize F = ®(F,,...,F,), b, = F,, T, =Ly, = L Vp,A=F,Y=0,u=01,7=2.
: Calculate F* = arg maxp.7 p-—5 1Ir (F* (Z;":] 'yf,l:'},Tp))
: while not converge do
Update reconstructed partitions {F‘p}"‘ via Eq..

2

3

4 ¢ p=1 I

5. Update weight coefficients v and consensus parition
6
7
8

* by solving Algorithm [T}
Update permutation matrices {T},} 1 by solving Eq.(16).
Update auxiliary tensor A by solving Eq.(T3).
Update the Lagrange multiplier Y and the penalty factor y via Eq.(T7).
9: end while
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Experimental Results

Comprehensive Performance

Algorithms Liver BBCSport  ProteinFold Willow Plant PsortNeg Scenel5 CCvV Flower102 Reuters
Avg-KKM 542100 632+14 290+15 222+03 613100 410114 432515 196+06 271105 455515
SB-KKM 579101 T7l4ig; 3384113 268403 512411 553100 393102 20119, 330110 4724100
MKKM 550103 630+15  27.0:11; 220+02 56140 519103 412107 180105 224105 454415
LMKKM 537411 63.9+14 22.4 407 22.6 +0.2 - - 409401 186401 - -
ONKC 5291109 634114  363i15 226104 4ldion 402406 399i14 224403 395.07 41841o
MKKM-MR 513100 632415 347i1s 229104 503408 397405 384111 212409 402409 462414
LKAM 600100 739105 377112 271io1 476400 405104 4l4igs 204103 4ldigg 4554100
LFMVC 54.5 1 0.0 76.4 129 33.0+1.4 264405 595406 455+03 458+10 251405 38441 457 116
NKSS 559400 64.1:12 364107 255106 392101 482110 404103 200:0> 417108 3774114
SPMKC 54.5 4 0.0 513410 178405 263402 514491 250406 380401 162402 25.6 +0.4 26.8 4 0.0
HMKC 554100 9l.1i37 35315 642101 491100 505i0; 328105 47.7+13 468103
SMKKM 53.940.0 64.21 16 347119 224404 495405 415400 43.6+10 222407 425403 455 407
OPLFMVC 546101 892132  3lling 273110 473131 461i,3 439i15 2374100 304110 439410
LSMKKM 734410 363415 248402 571408 457401 445116 215409 438410

AIMC 528100 704100 336100 255400 479400 454100 445100 245100 410100 4324100
OMSsC 53.0+00 89.0%00 318100 281400 565100 395100 417100 251+00 389:00 424100
HFLSMKKM || 57.4100 516413 338411 242405 436101 313106 417104 185103 358105 375108
GMC 51.04102 882100 293100 212405 394100 252100 269i0s 168104 341100 R
LTBPL 583100 321+17 288400 482100 291100 40.1ig7 - - -
UGLTL 53.6 +0.0 99.1+0.2 511417 371420 686412 922400 944453 65.8423 -
WTNNM 533100 952100 320402 477100 -
KCGT 548410, T4di1o 334415 261i04 524106 449104 455100 239405 395.0g 430403
DLEFT-MKC || 86.4100 99.2+01 66.5+2.9 849104 941i01 96000 962101 815127 799i22 97.0140

Table 1: Empirical comparison of the proposed DLEFT-MKC with dozens of
recent MKC algorithms on ten benchmark datasets in terms of ACC.
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Experimental Results

Convergence and Evolution
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Figure 2: The evolution of error values and clustering performance during the
clustering learning process of our proposed DLEFT-MKC across iterations.
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Cluster Partitions Analysis
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Figure 3: The leftmost figure denotes the clustering partition learned by
avg-KKM. Four right figures represent the clustering partitions of DLEFT-MKC
during the learning process.
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Experimental Results

Parameter Sensitivity Analysis
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Figure 4: The effect on clustering performance with varying parameter A (1
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Ablation Study

Algorithms H Liver BBCSport  ProteinFold Willow Plant PsortNeg ~ Scenel5 Cccv Flower102 Reuters
) 541,00, 634113 300121 222103 560105 385106 438116 196106 272100 451105
Ly 623100 8484157 66.7 £ 2.9 712405 937400 958100 938143 772425 746121 969100
L3 51.0+00 431xo7 137107 195106 31.9:+10 444:3p 546127 255111 606115 517100
Ly 823400 868103 44.6 124 792425 727401 896400 863152 730417 804115 871422
Ls 60.6+00 96.6+01 56.1423  76.7+43 910400 946100 951i+29 724416 8LT7:27 948417
Proposed 86.4 .00 99.2 11 66.5 129 849,04 941,07 960,00 962,037 815,57 79.9 422 97.0140

Table 2: Ablation study of the proposed DLEFT-MKC. The best result are
highlighted in bold.
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Experimental Results

Running Time Comparison
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Figure 5: Time complexity comparison of all algorithms on benchmark datasets.
For better clarity, we scaled the values and adopted logarithmic values in
second.
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Experimental Results

Performance with noisy data
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Figure 6: Comparison of comprehensive clustering performance fluctuations
between DLEFT-MKC algorithm and comparative algorithm under different
degrees of Gaussian noise (0, 1, 2, 3, 5, 10, 20%).
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Conclusion

Conclusion

This paper introduces a novel Multiple Kernel clustering framework
known as Dynamic LatE-Fusion Multiple Kernel Clustering with Robust
Tensor Learning (DLEFT-MKC) via min-max optimization, which is
simple yet effective and efficient. Specifically, For the first time,
DLEFT-MKC integrates a min-max optimization paradigm into
tensor-based MKC, enhancing both performance and robustness; the
framework dynamically reconstructs base partitions from LFMVC,
effectively overcoming their representational bottleneck. Additionally,
tensor learning is employed to capture the high-order correlations and
uncover latent structures across views. To solve the resultant
optimization problem, we design an innovative and efficient strategy to
combine the RGDM with ADMM. Experimental results demonstrate that
our proposed DLEFT-MKC significantly outperforms other
state-of-the-art MKC algorithms in terms of clustering performance and
computation efficiency across benchmark datasets.
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