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Theoretical Understanding of Continual Learning

Task 1 Task 2 Task 3

Initial
Model

Stage 1 Stage 2 Stage 3

Train Train Train

• Practice: Many applications based on classification tasks.

Theory-Practice Gap!

• Theory: Mostly focusing on continual (linear) regression.

• Q. How about usual gradient-based optimization algorithm,
without projection nor regularization?
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Problem Setup

• Continually learn M binary classification tasks
• Data point x ∈ Rd, label y ∈ {−1, 1}
• Linear model f(x;w) = x⊤w
• Prediction: +1 iff yif(xi;w) ≥ 0 (and −1 otherwise)
• We consider partitioned index set: I = I1 ∪ I2 ∪ · · · ∪ IM
• Each task m has their own dataset Dm = (xi, yi)i∈Im

• Task Ordering: which task do we solve at stage t?
• Cyclic task ordering. Tasks are presented in a fixed cyclic

order. That is, mt = t mod M .
• Random task ordering. The next task is independently

sampled uniformly at random. That is,

mt
i.i.d.∼ Unif([0 : M − 1]).
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Problem Setup

• GOAL
• We aim to minimize the joint training loss

L(w) =
∑

i∈I ℓ(yix
⊤
i w)

• But we only have access to current training loss at stage t

L(t)(w) =
∑

i∈Imt
ℓ(yix

⊤
i w)

• Sequential Gradient Descent (or, Sequential GD)
• For each stage t = 0, 1, . . . , we update our linear classifier K

times using the corresponding task mt.

w
(t)
k+1 = w

(t)
k − η∇L(t)(w

(t)
k ) for k ∈ [0 : K − 1].

• At a new stage t+ 1, we initialize the model with the last
iterate of the previous stage.

w
(t+1)
0 = w

(t)
K .
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Cyclic Ordering: Asymptotic Result

Theorem (Loss / Directional Convergence, Informal)

If the learning rate η < ϕ2

4Kβσ3
max(Mϕ+σmax)

, then

1. Loss converges to zero: limt→∞ L(w(t)
k ) = 0.

2. Every data point is eventually classified correctly:

limt→∞ x⊤
i w

(t)
k = ∞.

3. Converge in the direction of joint max-margin solution:

w
(t)
k = ln

(
K

M
t

)
· ŵ + ρ

(t)
k ,

where ρ
(t)
k is bounded.



Motivation Setup Jointly Separable Tasks Beyond Jointly Separable Tasks Conclusion

Non-asymptotic Convergence of Loss & Forgetting

We define Cycle-averaged Forgetting on cycle J as:

Fcyc(J) :=
1

M

M−1∑
m=0

Lm(w
(MJ+M)
0 )− Lm(w

(MJ+m)
K )

Theorem (Loss & Forgetting Convergence, Informal)

Under the same conditions, we have

1. L(w(MJ+m)
k ) = O

(
ln2(J)

J

)
2. −ηK ·A+ ·O

(
ln4 J
J2

)
≤ Fcyc(J) ≤ ηK ·A− ·O

(
ln4 J
J2

)
,

where APos & ANeg: positive & negative task alignments.
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Random ordering: Almost-sure Asymptotic Result

Theorem (Loss / Directional Convergence, Informal)

If the learning rate η < 2ϕ2

βσ4
max

, then with probability 1,

1. Loss converges to zero: limt→∞ L(w(t)
k ) = 0.

2. Every data point is eventually classified correctly:

limt→∞ x⊤
i w

(t)
k = ∞.

3. Converge in the direction of joint max-margin solution:

w
(t)
k = ln

(
K

M
t

)
· ŵ + (bounded)
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Beyond Jointly Separable Tasks

Theorem (Iterate Convergence, Informal)

Suppose we learn M tasks cyclically for J > 1 cycles. If we choose a step
size

η = min

{
1

2
√
2KB

,
1 + 2

√
2

2
√
2KJ

ln

(
J2 ·max

{
1,

∥w(0)
0 −w⋆∥2µ3

B2V⋆

})}
,

then the final iterate of sequential GD satisfies∥∥∥w(MJ)
0 −w⋆

∥∥∥2 ≤ O
(
ln2 J

J2

)
, (1)
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Conclusion

• CL on multiple linear classification tasks by Sequential GD.
• Main Result:

1. Jointly Separable, Cyclic:
Convergence Analysis / Implicit Bias / Forgetting Analysis

2. Jointly Separable, Random:
Asymptotic Convergence Analysis / Implicit Bias

3. Beyond Separability:
Non-asymptotic Convergence Analysis
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