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Motivation & Problem

• There is a lot of recent research on GNN expressivity, but much less
is known about GNN generalization.

• Common belief: More expressivity → risk of overfitting.

• Contradiction: Empirically some powerful GNNs generalize well.

• Challenge: Understanding how generalization is influenced by graph
structure.

Goal: Explain how and when added expressivity can lead to improved
generalization.
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Key Contributions

• Propose a novel generalization bound for GNNs that incorporates
graph structure variance.

• Identify conditions for GNNs to generalize well from their bounded
expressivity:

• Embeddings within a class are well-clustered
• Classes are separable in the embedding space

• Show how expressivity influences generalization by case studies

• Validate the theoretical insights by showing the alignment with
empirical findings
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Graph Encoders

A graph encoder maps a graph G ∈ G to a vector in some space Z.

• GNNs are graph encoders: MPNN/F-MPNN/k-GNN/. . .

• Weisfeiler-Lehman are also graph encoders: 1-WL/F-WL/k-WL/. . .

• Random walk encoder, subtree encoder, . . .
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Goal

For a graph encoder ϕ, bound its generalization error

R(ϕ)− R̂(ϕ)

• R(ϕ): true/population error

• R̂(ϕ): empirical error
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Main Theoretical Result (1/3)

A Tale of Two Graph Encoders

• Weaker encoder: ϕ : G → Zϕ

• Stronger encoder: λ : G → Zλ

• λ bounds ϕ in expressivity
• if λ can distinguish all graphs that ϕ can distinguish
• there is f : Zλ → Zϕ such that ϕ = f ◦ λ

ϕ: MPNN/F-MPNN/k-GNN/. . .

is bounded by

λ: 1-WL/F-WL/k-WL/. . .
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Main Theoretical Result (2/3)

Margin-Based Generalization Bound (Informal)

Let encoder λ bounds encoder ϕ:

G Zϕ

Zλ

f

R(ϕ)−R̂(ϕ) ≤ O
(

Lip(f ) · C (λ)
)Lipschitz constant of f

Intra-class embedding concentration1of λ

Takeaway:

The stronger encoder λ (e.g. 1-WL/F-WL/k-WL etc.)

hints at the generalization of

the weaker encoder ϕ (e.g. MPNN/F-MPNN/k-GNN)

1 Measured by Wasserstein distance
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Main Theoretical Result (3/3)

The above generalization bound is lower bounded by (Informal)

O

Lip(f ) · C (λ)

B(λ)

 .

Intra-class embedding concentration1 of λ

Inter-class embedding separation1 of λ

Key Insight: Low intra-class variance + high inter-class separation →
better generalization.

Also, we can predict GNNs’ generalization before training them!

1 Measured by Wasserstein distance
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Case Study: PROTEINS Dataset

Takeaway: The choice of patterns leads to different generalization.
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Experimental Results Summary

Takeaway: The proposed bound reflects the empirical gaps well.
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Conclusion

• Develop a theoretical framework linking GNN expressivity and
generalization.

• Demonstrate how well-clustered embeddings and separable
classes lead to improved generalization.

• Provide guidance for designing robust, expressive, and
generalizable GNNs.

Future Work: Extend to understand how the training dynamics changes
f and further influences generalisation.
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