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Motivation: Data representation in Machine learning 

1D –Histograms 2D – Distributions

nD – Distributions (n>>3)

Data in Manifold Graphic  data



Background: Optimal transport and Gromov Wassersein

Optimal transport problem: Given probability measures 𝜇 =
σ𝑖=1

𝑛 𝑝𝑖𝛿𝑥𝑖
, 𝜈 = σ𝑗=1

𝑚 𝑞𝑗𝛿𝑦𝑗

𝑂𝑇 𝜇, 𝜈 ≔ min
𝛾∈ℝ𝑛×𝑚

෍

𝑖,𝑗

𝑐 𝑥𝑖, 𝑦𝑗 𝛾𝑖𝑗 , 

s. t. , 𝛾1𝑚 = 𝑝, 𝛾⊤1𝑛 = 𝑞
• OT defines a metric between 𝜇 and 𝜈
• Complexity of OT: 𝒪 𝑛3

𝑑𝑋 𝑥𝑖, 𝑥𝑖′ 𝑑𝑌 𝑦𝑗, 𝑦𝑗′  

Gromov Wasserstein problem: Given mm-spaces 𝕏 =
𝑋, 𝑑𝑋, 𝜇 , 𝕐 = 𝑌, 𝑑𝑌, 𝜈

𝐺𝑊 𝕏, 𝕐 ≔ min
𝛾∈ℝ+

𝑚×𝑛
σ𝑖,𝑖′,𝑗,𝑗′ 𝑑𝑋 𝑥𝑖, 𝑥𝑖′ − 𝑑𝑌 𝑦, 𝑦′ 𝛾𝑖𝑗𝛾𝑖′𝑗′ ,  

subject to: 𝛾1𝑚 = 𝑝𝜇, 𝛾⊤1𝑛 = 𝑝𝜈

• GW defines a metric between 𝕏 and 𝕐. 

• Computational complexity (Frank-Wolfe): 𝒪
𝑛4

𝜖2 ⋅ 𝑛3ln 𝑛



Background: Linear Gromov Wasserstein embedding

𝒪 𝐾2 𝒪 𝐾

• Linear GW embedding: 𝕏𝑖 = 𝑋𝑖, 𝑑𝑋𝑖 , 𝜇𝑖 ↦ 𝑣𝑖 ≔ 𝑑𝑋𝑖 𝑇0
𝑖 𝑥0 , 𝑇0

𝑖 𝑥0
′ − 𝑑𝑋0 𝑥0, 𝑥0

′ ∈ 𝐿𝑠𝑦𝑠
2 𝑋0 2

• Linear GW distance: GW 𝕏𝑖, 𝕏𝑗 ≈ 𝐿𝐺𝑊 𝕏𝑖, 𝕏𝑗 ≔ 𝑣𝑖 − 𝑣𝑗
𝐿2 (𝜇0)⊗2

2
. 

• Linear GW defines a metric. 

• Computational complexity: 

• Embedding construction K ⋅ 𝒪 𝑛3 ln 𝑛 ⋅
𝑛4

𝜖2  for K measures: 

• Distance computation: 
𝐾
2

⋅ 𝒪 𝑛2  

𝑑𝑋0 𝑥0, 𝑥0
′ 𝑑𝑋𝑖 𝑇0

𝑖 𝑥0 , 𝑇0
𝑖 𝑥0

′  

𝑇0
𝑖

Given 𝐾 measures, how to efficiently compute their GW distances? 



Our contribution: Linear Partial Gromov Wasserstein embedding

• Linear Partial GW embedding: Suppose 𝛾 = 𝑖𝑑 × 𝑇0
𝑖

#
𝜇0 is an optimal solution for 𝑃𝐺𝑊 𝕏0, 𝕏𝑖 , then the 

LPGW embedding is defined by: 

       𝕏𝑖 = 𝑋𝑖, 𝑑𝑋𝑖 , 𝜇𝑖 ↦ 𝑣𝑖, ҧ𝜇𝑖, Ƹ𝜇𝑖  where 

• 𝜈𝑖 ≔ 𝑑𝑋𝑖 𝑇0
𝑖 𝑥0 , 𝑇0

𝑖 𝑥0
′ − 𝑑𝑋0 𝑥0, 𝑥0

′  (displacement)

• ҧ𝜇𝑖 = 𝛾0 (information for mass destruction/transportation in source domain) 

• Ƹ𝜇𝑖 = 𝜇𝑖 ⊗2
− 𝛾1

⊗2 (mass creation in the target domain

• Linear PGW distance: PGW 𝕏𝑖, 𝕏𝑗 ≈ 𝐿𝑃𝐺𝑊 𝕏𝑖, 𝕏𝑗 ≔ 𝑣𝑖 − 𝑣𝑗

𝐿 ഥ𝜇𝑖∧ ഥ𝜇𝑗 ⊗2

2
+ 𝜆 ቀ

ቁ

ҧ𝜇𝑖 ⊗2
 − ҧ𝜇𝑗 ⊗2

+

Ƹ𝜇𝑖 + Ƹ𝜇𝑗 . 

𝑑𝑋0 𝑥0, 𝑥0
′ 𝑑𝑋𝑖 𝑇0

𝑖 𝑥0 , 𝑇0
𝑖 𝑥0

′  

𝑇0
𝑖

Ƹ𝜇𝑖

ҧ𝜇𝑖



Properties of Linear Partial Gromov Wasserstein distance

• Linear PGW defines a metric. 

• Computational complexity: 

• Embedding construction K ⋅ 𝒪 𝑛3 ln 𝑛 ⋅
𝑛4

𝜖2  for K measures: 

• Distance computation: 
𝐾
2

⋅ 𝒪 𝑛2  

• LPGW embedding provide a noise-rubost representation for 

the data Data reconstruction by embeddings

Accuracy analysis



Linear Partial Gromov Wasserstein embedding (Bai et al, ICLR 2024)

Data

InterpolationClassification



Thank you for your attention
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