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Topological Deep Learning
Goals and Motivation

Graph-based representation: data are .n
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In many systems, complex interactions cannot be reduced to dyadic relationships
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Topological Deep Learning
Combinatorial Topological Spaces

What topological descriptors
do we need to incorporate higher-order relationships?

Go beyond graphs: Simplicial Complexes, Cell Complexes, Hypergraphs, Network Sheaves, ...

Each of these objects comes with a strong mathematical characterization
And each of them is useful to model different types of higher-order interactions

Several architectures operating on these spaces have been proposed

Most of them share the common trait of being message-passing networks (MPNs)

I Entities exchange messages whose structure and scheme are induced by the
considered space
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This common trait led to the general notion of Combinatorial Complex (CC)

CCs are useful to design arbitrary MPNs on a variety of combinatorial objects

A combinatorial complex (CC) [1] is a triple (S; X; rk) consisting of a set S, a subset X of
P(S)nf;g, and a function rk : X ¥ Z> with the following properties:

I foralls2S;fsg2 X

I the function rk is order-preserving, i.e. if X;y 2 X satisfy X y, then rk(x) rk(y)

The elements of S are nodes, the elements of X are cells, rk() is the rank function
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Combinatorial Complexes
Neighborhood Functions

A neighborhood function N : X ¥ P(X) on X assigns to each cell X in X a nonempty
collection of "neighbor cells” N(x) X

The up/down incidences Ny 4+ and Ny | are defined by inclusion as
N7 +() = fy 2 Xjrk(y) = rk(x) + 1;x  yg; N7 () = fy 2 Xjrk(y) = rk(x) 1y xg
The up/down adjacencies N4 4 and N4 4 are defined by common neighbor as

N4 +(X) =Fy 2 Xjrk(y) = rk(x);9z 2 X :rk(z) =rk(x) 1;z vy, andz Xg;
N4, (X) =fy 2 Xjrk(y) = rk(x);9z 2 X :rk(z) = rk(x) +1;y z; and X zg



Combinatorial Complexes
Neighborhood Functions

The up/down adjacencies N 4 4+ and N 4 1 are defined by common neighbor as

N +(X) =fy 2 Xjrk(y) =rk(x);9z 2 X :rk(z) =rk(x) 1;z vy;andz Xg;
N4, (X) =Fy 2 Xjrk(y) = rk(x) +1;9z 2 X : rk(z) > rk(X);y z; and X zg

A CC with nodes as 0-cells, edges as 1-cells, and cycles as 2-cells
i.e. a polygonal cell complex
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Combinatorial Complexes
Signals and MPNs

A topological signal over X is a mapping f: X T R

I The feature vectors h, 2 R¥ and h, 2 R¥ of cells x and y are a collection of F

The I-th layer of a CC Message Passing Network (CCMPN) updates the embedding h., as

(O] 1
(@] M
hfr:+1 = @hlz' N, rk(z) hlzrh; A
NECN yeN (x)

I hY :=h, are the initial features

I ¢N is a collection of neighborhood functions.

1 N is an intra-neighborhood permutation invariant aggregator

1 is an inter-neighborhood (possibly) permutation invariant aggregator



Equivariance

Symmetries are formally framed as groups

Let G be a group with an actiona:G Y ¥ YonasetY

A function e : Y ¥ Y is equivariant w.r.t. the a if, for all X 2 Y and g 2 G, it holds
e(a(g; x)) = a(g; e(x))

If e(a(g; X)) = e(X), e is said to be invariant w.r.t. the action of G



Equivariance

Symmetries are formally framed as groups

Let G be a group with an actiona:G Y ¥ YonasetY

A function e : Y ¥ Y is equivariant w.r.t. the a if, for all X 2 Y and g 2 G, it holds
e(a(g; x)) = a(g; e(x))

If e(a(g; X)) = e(X), e is said to be invariant w.r.t. the action of G

CCMPNs are permutation equivariant, i.e. they are equivariant to the relabeling of cells
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E(n) Equivariance

Many problems exhibit n-dimensional rotation and translation symmetries
It is desirable to design models that are equivariant w.r.t. the action of the E(n) group

An element of the E(Nn) group is a tuple (O;b) consisting of an orthogonal matrix
O 2 R™ ™ (the rotation) and a vector b 2 R™ (the translation)

The action a of E(N) on X 2 R™ is

a((0O;b);x) =0Ox+b

Consider the setting in which nodes (0-cells) come with both non-geometric h, 2 RY" and
geometric X; 2 R™ features, such as positions

Research Question: How can we design E(Nn) equivariant CCMPNs?
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E(n) Equivariant Topological Neural Networks

We represent equivariance by scalarization

I Geometric features are transformed into invariant scalars, and then processed before
being combined along the original directions

The I-th layer of an E (n) Equivariant Topological Neural Network (ETNN) updates the
embeddingsh, of every cellx 2 X and the positions x), of every nodez 2 S as

0 1

1+1 | o M | | | |
hx = hx; N ;rk( x) hx;hy;lnv szgZZX;szgZZY

N2CN  y2N (x) | {z }
m Ry
N B X X <LKl m\
z = Xz z t zit

N2CN t2S:ftg2N (z)

I Inv is an invariant function, and we refer to a specic Inv as a geometric invariant.



Geometric Invariants

Permutation invariant functions of pairwise distances: if x and y have the same cardinality,

M
(kxz  xtk)

z2xt 2y
is a geometric invariant.

A basic instance is:

i.e. the sum of pairwise distances.



Geometric Invariants

Distances of permutation invariant functions: regardless of the cardinalities ofx and y,

0 1
M M
@ Xz xy A

z2x t2y
is a geometric invariant if is linear

A basic instance is:

1
J)
I =Id

i.e. the distance between centroids



Geometric Invariants

Hausdor distance: Regardless of the cardinalities ofx and y, the Hausdor distance,
de ned as
max max min kx;  Xik; max min kx;  Xzk
z2Xx t2y t2y z2x
is a geometric invariant. The Hausdor distance measures the mutual proximity of two sets
whose elements live in a metric space.

Volume of the convex hull: Regardless of the cardinalities ofx and y, any function of the
volumes of the convex hulls off xzgz2x and fxz0z2y is a geometric invariant



Overview

ETNNSs generalize several scalarization-based architectures on combinatorial objects

By tailoring the de nition of cells and the choice of the neighborhood functions, E (n)
Equivariant Graph/Simplicial/Cellular/Hypergraph Networks can be derived



Real-World Combinatorial Complexes
Molecular Combinatorial Complexes

In Molecular Combinatorial Complexes, the set of verticesS is the set of atoms, while the
set of cellsX and the rank function rk are such that:

I Atoms are 0-cells

I Bonds and functional groups made of two atoms arel-cells

I Rings and functional groups made of more than two atoms are2-cells

This modeling cannot be framed neither as a graph nor as a cell complex nor a hypergraph!



Real-World Combinatorial Complexes

Geospatial Combinatorial Complexes
Points, polylines, and polygons constitute some of the most basic geometric objects in

geospatial data
These objects can be modeled as cells of a CC, and their rank corresponds to their intrinsic
dimensionality:

I Points are 0-cells

I trac roads are 1-cells
I Census tracts are 2-cells

This modeling cannot be framed neither as a graph nor as a cell complex nor a hypergraph!



Real-World Combinatorial Complexes
Geospatial Combinatorial Complexes

The same rationale can be applied to any irregular multi-resolution geospatial data

Another example is the political division of spatial domains, e.g., zip codes, counties, and
states. In this case:

I Zip-codes are 0-cells

I Counties are 1-cells

I States are 2-cells

Within our framework, multi-level features, associated with each rank, can be used without
the need for any a priori aggregation (as it is usually done for geospatial data)!



Molecular Property Prediction on QM9

Supervised Benchmark
ETNN-* is the best ETNN con guration we tried per each target

ETNN-graph-W and EMPSN are EGNN [2] and EMPSN [3] derived from the ETNN
framework with our codebase

We generalize the notion of a virtual node by introducing a virtual cell and a dedicated
neighborhood function

In this way, we also show how ETNN can handle heterogeneous interactions

Task " "Homo "Lumo c
Units (#) boh® meV  meV meV D cal/mol K
NMP .092 69 43 38 .030 .040
Schnet .235 63 41 34 .033 .033
Cormorant .085 61 34 38 .038 .026
L1Net .088 68 46 35 .043 .031
LieConv .084 49 30 25 .032 .038
DimeNet++ .044 33 25 20 .030 .023
TEN .223 58 40 38 .064 .101
SE(3)-Tr. 142 53 35 33 .051 .054
Equiformer (SotA) 046 30 15 14 011 .023
TopNet .083 47 37 24 .035 .032
EGNN .071 48 29 25 .029 .031
ETNN-* .062 45 26 22 .022 .030
ETNN-graph-wW 067 46 27 25 .030 .036
ETNN-w/o VC 161 73 49 48 .306 .051
EMPSN* .061 42 29 25 .030 .028
ETNN-single* .069 46 26 23 .025 .033

Improvement over EGNN -13% -6% -10% -12% -26% -3%




Computational Advantages of ETNN

ETNN-* is the best ETNN con guration we tried per each target

ETNN-graph-W and EMPSN are EGNN [2] and EMPSN [3] derived from the ETNN
framework with our codebase

Avg. runtime (seconds/epoch)
EGNN-graph-W 60.34
ETNN 193.16
EMPSN* 251.3

Avg. memory consumption (GB)
EGNN-graph-W 13.63

ETNN 12.05

EMPSN* 27.7







