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Transformers (TFs) & Adam

The transformer architecture has led to many state-of-the-art
approaches in language and vision

The Adam optimizer has achieved great success In transformer
optimization, but gradient descent performs poorly.

[1] Noise Is Not the Main Factor Behind the Gap Between Sgd and Adam on Transformers, But Sign Descent Might Be, Kunstner et al., ICLR 2023
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Transformers (TFs) & Adam

In CNINs, SGD i1s is| In transformers, Adam
comparable to Adam jie| performs better than SGD
cS

— SGD(+m) = Adam(+m) === SGD(—m) = = = Adam(—m)

) 8
E 100 6 101
o)) \
" /,.\ 4 A
€ 10 N ! - 109
S A
I_ -
1076 T T T 1107° 1 T T 1 “ T 1 T 1107 1 ] T 1 107" +—T—T—T—T
O  Epoch 100 0  Epoch 100 O Epoch 100 0 Epoch 40 0  Epoch 9
CNN, MNIST CNN, CIFAR10 Transformer, PTB Transformer, Transformer,
Figure 1 in [1] WIkITGXtZ SQUAD

[1] Noise Is Not the Main Factor Behind the Gap Between Sgd and Adam on Transformers, But Sign Descent Might Be, Kunstner et al., ICLR 2023



Transformers (TFs) & Adam

Transformers + Adam,
great success In practice,

8 10° limited understanding in theory!
(@)
= 1073+
©
I_
1076 T T T 1107° 1 T T 1 I T 1 T 1107 1 ] T 1 107" +—T—T—T—T
O  Epoch 100 0  Epoch 100 O Epoch 100 0 Epoch 40 0  Epoch 9
CNN, MNIST CNN, CIFAR10 Transformer, PTB Transformer, Transformer,
Figure 1 in [1] WIkITGXtZ SQUAD

[1] Noise Is Not the Main Factor Behind the Gap Between Sgd and Adam on Transformers, But Sign Descent Might Be, Kunstner et al., ICLR 2023



Our Work

This talk: we give an end-to-end theory of learning two-layer
transformers by (Sign Gradient Descent) SignGD on signal-noise

dataset.

Generalization

Optimization
properties

dynamics
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Two-layer Transformers

one self-attention layer + one (fixed) linear layer

Matrix form:
f(W7 X) = FlZW,X) = F_l(W,X)
2
1
F;(W,X) := — Z 1,, Wy ;Xsoftmax (XTW}F{WQXU))
Scalar form (equivalently)'

Fi( Z (11 + s20) (W X0 ) + (512 + 522) (i, x®)]

rE[m



Two-layer Transformers

one self-attention layer + one (fixed) linear layer

Matrix form:

' Advantage:
f(W,X) := F1(W,X) — F_4| softmax attention
gaussian initialization

2
Fj(W,X):=—) 1, Wy T
i( ) lzzl A query-key parameterlzatlon

1
My
Scalar form (equivalently):

1
F;(W,X) = . Z [(811 + 821) <WV,j,r7X(1)> + (812 + 822) <Wv,j,r, X(2)>]

v rE[Mmy]



Data model: Signal-Noise dataset

Data model is inspired by image classification problems

For each data point (X, y),
- X =[x, xPNTe R?X4 (2 tokens in R%), y ~ Unif({+1})

l noise patch:
¢ IS sparse
signal patch: and gaussian
_ T
u=110,..,0]", Remark:

1. low SNR setting
2. context length is 2



Training algorithm: SignGD
Cross-entropy loss
Ls(W Zé[yz VVXZ

where [ = log(1 + exp(—x)) is the Ioglstlc function.

Sign gradient descent Learning rate

Wit —w®  frben(Va,,, Ls(W®)),
wit = wl —nsgn(Vw,  Ls(W®)), Wil = wl —nsgn(Va,, Ls(W®)),



SignGD: A Good surrogate for Adam

1. SignGD 1s exactly Adam with B1 = 2 = € = 0 In formulation

SignGD(wt_l, gt) Wy =Wy — 1) Sgn(wt—1)7

‘m, = fim;_1 + (1 — B1)8;

vi = Bovi_1+ (1 —By)g?
Adam(wt_l, m; 1,vVe—1, gt) = < r’ht — mt/(l T /Bf)
Ve = Vt/(1 - 55)

Wi =W —n-y/ (Ve te)



SignGD: A Good surrogate for Adam

2. 51gnGD (with momentum), 1.e., the Lion optimizer [2], can
perform well on deep learning tasks

Table 5: One-shot evaluation averaged over three NLG and 21 NLU tasks. The results of GPT-3 (Brown et al.,
2020) and PaLM (Chowdhery et al., 2022) are included for reference. The LLMs trained by Lion have better
in-context learning ability. See Table 11 (in the Appendix) for detailed results on all tasks.

Task 1.1B 2.1B 7.5B 6.7B 8B
as Adafactor Lion | Adafactor Lion | Adafactor Lion | GPT-3 PalLM
#Tokens 300B 300B 780B

Avg NLG 11.1 12.1 15.6 16.5 24.1 24.7 23.1 23.9
Avg NLU 53.2 53.9 56.8 57.4 61.3 61.7 58.5 59.4

[2] Symbolic Discovery of Optimization Algorithms, Chen et al., NeurlPS 2023



SignGD: A Good surrogate for Adam

3. SignGD can recover the superior performance of Adam in the
full-batch/deterministic setting [1]

c oy PTB WikiText-2
L U SGD
© a‘ -l - = Sign
E c 10°
E< Norm.
o Adam
40
n
- 8 SGD
3 9 Norm
T o
2 g Sign
* Adam
[ 107" T T !
0 Epoch 300

Figure 7 in [1]

[1] Noise Is Not the Main Factor Behind the Gap Between Sgd and Adam on Transformers, But Sign Descent Might Be, Kunstner et al., ICLR 2023



SignGD: A Good surrogate for Adam

3. SignGD can recover the superior performance of Adam in the
full-batch/deterministic setting [1]

PTB WikiText-2

.................................. SGD
Sign

(0¢]
raalas

—_

o

Norm.

Medium batch
Training Loss

Full batch
Training Loss

Figure 7 in [1]

[1] Noise Is Not the Main Factor Behind the Gap Between Sgd and Adam on Transformers, But Sign Descent Might Be, Kunstner et al., ICLR 2023



Background

Setup

Optimization Dynamics
Generalization Properties



. , ,
Fy( = m_ Z [ 811 + 821 <WV,j,raX(1)> + (812 + 522) <WV,j,rax(2)>]

What do we focus on?

(t) value signal
1. data-parameter < Wy > 9

inner product: < W( )T,ylfl value noise
<p, d> <w S,yl-fl- > key noise
p = query, key, value < w,((g,u > key signal

d = signal, noise |
Qs’yl query noise

< W(iﬂ > query signal

r/s is the mdex of neurons



X : :
Fy( = m_ Z [ S11 + S21 <WV,j,raX(1)> + (812 + 522) <WV,j,rax(2)>]

What do we focus on?

2. softmax outputs
e.g. noise-signal softmax output(s)

noise | signal
(t) CXP (ZSE[mk]<WS)s7 >< %)sayzﬁ"))

z21_

XD (i) (Weplor ENW g, 5itt) ) + XD (Soemy (Winsr € (WL, €00 )



Main Results: Four stage dynamics

Stage |. The mean value noise shifts early, then stabilizes.
Stage Il. The query & key noise align their sign to each other.

Stage lll. Majority voting determines the sign of query & key
signals.

Stage IV. The noise-signal softmax outputs decay fast
exponentially, then the query & key noise align their sign to
signals.




Stage I: The mean value noise shifts early, then stabilizes.

(t=0~t=2)

Define mean value

1
_ § (t) (t)
v(t) — m, Wyir =Wy Z1r
T

1. < v®,y,& > increases monotonically,

and stabilizes into a linear relationship with t.
2. other quantities stay close to initialization
(mean value signal become neglectable)
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Stage II: The query & key noise align thelir sign to each other
(t=2~t=10)

1. For one neuron, sign alignment between < w,gg yi& > and < w(tg,ylfl >

2. For all neurons (over s and i), the number of positive and negative neurons is nearly equal.
3. mean value noise continue

Stage I, II: value Stage I, II: key noise Stage II, III: query and key
to grow. . . 0.03 .
4. query and key feature stay = ,,,| 0.02- o
close to initialization. i 0.01 sz = i
0.02 ] g )
! 0.00 +ESSi=s 0.0+
0.01 | i -0.01 14* !
| —0.02 1 —0.1 11 |
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Stage Il sign alignment

Table 1 Sign alignment between-guery-and key noise. S k4 4 defined as S§<)+ o+ = 1(s,%) € [mx] X [n] :

(wg?s, yi&;) > 0, (Wg)s, yi&€,;) > 0} represents the number of neurons and samples having positive query

4noisc-and-posrtrve-key“norsc—'lzhc-dcﬁmtmns for Sy, (£) Q- Sg) 049K (£) are similar. Each element in the

middle of the table represents the size of the 1ntersect10n of the corresponglng row set and the corresponding
column set. For example, |S§2L, o+ S%L,Q | = 486. The signs of query and key noise are independent at
initialization but aligned at t = 10, which can be seen as an estimate of T5°".

init(t = O\t =10 | [S¥, .| [S¥: o | 1S%. il 1SK. o_| | Row sum
ik g 486 1 0 25 512
S 244 4 9 250 507
S o 223 10 4 221 458
S o 37 2 3 481 523
Column sum 990 17 16 977 2000




Stage llI: Majority voting determines the sign of query & key signals.
(t =10 ~t = 40)

1. The update direction of < wgg,u > is determined by )is < S,ylfl

2. < ngg,u > is determined by ). < W(g ;,yl& > with an opposite sign to < ng;li >

3. The dynamics of other quantities keep unchanged.

Stage II, III: query and key

1

0.15

: s t
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Stage IV: The noise-signal softmax outputs decay fast
(t =40 ~t = 2k)

1. Before Stage |V, all softmax outputs are concentrated at %2.

2. In Stage IV, noise-feature softmax outputs Sl-(;)l first leave Y2, decrease
exponentially, and reach o(1) at t = 150

3. while Si(j)l s still concentrated at %2. 0.6 -

Stage III, IV: softmax

— 0.4 -

®
Si21

0.2

0.0 -




Stage IV: The query & key noise align their sign to signals.
(t =40 ~t = 2k)

1. From Stage IV on, the signs of query & key signals are fixed (positive query signal).

2. When softmax outputs are small enough (t = 150), all negative key noise begins

to align with the positive query signal,
J ’ HHEYSI0 Stage III, IV: query and key

] I

3. When negative key noise completes alignment (t = 300)
all negative guery noise begins to align with the
positive query signal.

4. The alignment of negative query noise completes
before the end of this stage (t = 600).

B <w,(<t3, #> s positive <w,$t3; yi§ i> =+ = positive <wg2,yifi>

’

. (t) T T T T T
negative <WQ,s,yis‘i> 40150 300 600 900

Steps

: t
—_— <W((zts)' H) negative <W,({,3, }’ifi>



Main Results: Four stage dynamics
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Fast Optimization but Poor Generalization

Theorem For any € > 0, there exists T = O(log(1/€)) , Tattn Such that

- [Training loss] The training loss converges to €: LS(W(T)) <e€

- [Test loss] The trained transformer has a
constant order test loss: LD(W(T)) = 0(1).

- [Noise memorization of query & key] The value
INn attention layer memorizes noises Iin training data
<vD y.& >=001) <vD u>=0(1)

- [Noise memorization of query & key] The attention o0.21
layer attends all to noise patch

(Tattn) _ (Tattn) _ 0.0 . : :
Si21 T o(1), Si11 < o(1). 0 1000 2000

0.4 1 —— train
test




Adam vs SignGD: Similarity

1. training dynamics on 2. test loss on noisy MNIST
synthetic data (optimization) data (generalization)
Training dynamics w/ SignGD Training dynamics w/ Adam 500 Test loss on noisy MNIST
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Adam vs SignGD: Disparity
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GD vs SignGD

At the same signal-noise ratio,

SignGD trains faster but GD generalizes better
10%4 ' SignGD GD
10 04] \
(
1073 ; ‘ 0.2
(
104 ‘ - : : 0.0, : .
0 500 1000 1500 2000 0 1000 2000 0 1000 2000
— GD SignGD —— Adam(B,=0) .
& s training loss and test loss
——— Adam(f;=0.5) —— Adam(f;=0.9)

on synthetic data

training loss on synthetic data
m=) SignGD and Adam require higher data quality than GD



GD vs SignGD

_ Test loss on noisy MNIST
On noisy MNIST data 200
. 1.75
GD generalizes better Lol

especially when noise iIs large  12s;

1.00 -
D755
0.50 -

0.25 1

0.00 — . . . :
02 04 06 08 1.0
Scaled SNR
—— GD SignGD —— Adam(f;=0)
——— Adam(f;=0.5) —— Adam(S,=0.9)

m=) SignGD and Adam require higher data quality than GD



Thanks!
summary

- We give an end-to-end theory of learning two-layer
transformers by sign gradient descent

- We demonstrate the four stages in the whole optimization
dynamics including rich alignment behaviors and exponential

convergence of softmax outputs
- We prove the fast convergence and poor generalization results

- We provide evidence that Adam exhibits similar behaviors to
SignGD, and SignGD and Adam require higher data quality

See more formal results In the paper!



