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MOTIVATIONS

▶ Continual Learning (CL) has emerged as an important paradigm in machine learning, in which
an expert aims to learn a sequence of tasks one by one over time.

▶ Given the dynamic nature of CL, one major challenge herein is known as catastrophic
forgetting, where a single expert can perform poorly on (i.e., easily forget) the previous tasks
when learning new tasks if data distributions change largely across tasks.
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LITERATURE REVIEW: CL

Various empirical approaches have been proposed to tackle catastrophic forgetting in CL:
▶ Regularization-based approaches (e.g., Kirkpatrick et al. 2017; Gou et al. 2021).
▶ Parameter-isolation-based approaches (e.g., Chaudhry et al. 2018; Konishi et al. 2023).
▶ Memory-based approaches (e.g., Jin et al. 2021; S. Lin, Yang, et al. 2021; Gao and Liu 2023).

On the other hand, theoretical studies on CL are very limited.
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LITERATURE REVIEW: MOE MODEL

▶ Mixture-of-Experts (MoE) has found widespread applications in emerging fields such as large
language models (LLMs) (e.g., Du et al. 2022; Li et al. 2024; B. Lin et al. 2024).

▶ Chen et al. (2022) theoretically analyze the mechanism of MoE in deep learning under the setup
of a mixture of classification problem. However, this study focuses on a single-task setting, and
hence does not analyze the dynamics of CL.
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LITERATURE REVIEW: MOE IN CL

▶ Recently, the MoE model has been applied to reducing catastrophic forgetting in CL (Hihn and
Braun 2021; Wang et al. 2022; Doan, Mirzadeh, and Farajtabar 2023; Rypeść et al. 2023; J. Yu
et al. 2024).

▶ However, these works solely focus on empirical methods, lacking theoretical analysis of how
the MoE performs in CL.
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CL IN LINEAR MODEL

We consider the CL setting with T training rounds.
▶ In each round t ∈ [T], one out of N tasks randomly arrives to be learned by the MoE model with

M experts.
▶ For each task, we consider fitting a linear model f (X) = X⊤w with ground truth w ∈ Rd.
▶ Then for the t-th task arrival, let Dt = (Xt,yt) denote its dataset, where Xt ∈ Rd×st is the feature

matrix, and yt ∈ Rst is the output vector.
▶ In this study, we focus on the overparameterized regime, where st < d.
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CL IN LINEAR MODEL (CONT.)

▶ Let W = {w1, · · · ,wN} represent the collection of ground truth vectors of all N tasks.
▶ For any two tasks n,n′ ∈ [N], we assume ∥wn − wn′∥∞ = O(σ0), where σ0 ∈ (0, 1) denotes the

variance.
▶ We assume that task n possesses a unique feature signal vn ∈ Rd with ∥vn∥∞ = O(1).
▶ In each round t ∈ [T], let nt ∈ [N] denote the index of the current task arrival with ground truth

wnt ∈ W .
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CL IN LINEAR MODEL (CONT.)

At the beginning of each training round t ∈ [T], the dataset Dt = (Xt,yt) of the new task arrival nt is
generated by the following steps:

1. Uniformly draw a ground truth wn from ground-truth pool W and let wnt = wn.
2. Independently generate a random variable βt ∈ (0,C], where C is a constant satisfying

C = O(1).
3. Generate Xt as a collection of st samples, where one sample is given by βtvnt and the rest of the

st − 1 samples are drawn from normal distribution N (0, σ2
t Id), where σt ≥ 0 is the noise level.

4. Generate the output to be yt = X⊤
t wnt .
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STRUCTURE OF THE MOE MODEL
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▶ Upon the arrival of task nt and input of its data Dt = (Xt,yt), the gating network computes its
linear output hm(Xt,θ

(m)
t ) for each expert m ∈ [M].

▶ Define h(Xt,Θt) := [h1(Xt,θ
(1)
t ) · · · hM(Xt,θ

(M)
t )] and Θt := [θ

(1)
t · · · θ(M)

t ] as the outputs and
the parameters of the gating network for all experts, respectively. We obtain

h(Xt,Θt) =
∑
i∈[st]

Θ⊤
t Xt,i
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STRUCTURE OF THE MOE MODEL (CONT.)
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▶ In each round t, for task nt, the router selects the expert with the maximum gate output
hm(Xt,θ

(m)
t ), denoted as mt, from the M experts:

mt = argmax
m

{hm(Xt,θ
(m)
t ) + r(m)

t },

where r(m)
t for any m ∈ [M] is drawn independently from the uniform distribution Unif[0, λ].

▶ Additionally, the router calculates the softmaxed gate outputs, derived by

πm(Xt,Θt) =
exp(hm(Xt,θ

(m)
t ))∑M

m′=1 exp(hm′ (Xt,θ
(m)
t ))

, ∀m ∈ [M]

for updating Θt+1.
10 / 27



TRAINING OF THE EXPERT MODEL

▶ Let w(m)
t denote the model of expert m in the t-th training round, where each model is

initialized from zero.
▶ In each round t, the training loss is defined by the mean-squared error (MSE) relative to Dt:

Ltr
t (w

(mt)
t ,Dt) =

1
st
∥(Xt)

⊤w(mt)
t − yt∥2

2.
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TRAINING OF THE EXPERT MODEL (CONT.)

▶ Gradient descent (GD) provides a unique solution for minimizing Ltr
t (w

(mt)
t ,Dt), which is

determined by the following optimization problem (Evron et al. 2022; S. Lin, Ju, et al. 2023):

min
wt

∥wt − w(mt)
t−1 ∥2, s.t. X⊤

t wt = yt.

▶ Solving this problem, we update the selected expert mt for the current task arrival nt as follows:

w(mt)
t = w(mt)

t−1 + Xt(X⊤
t Xt)

−1(yt − X⊤
t w(mt)

t−1 ).

▶ For any other expert m ∈ [M] not selected ( i.e., m ̸= mt), its model w(m)
t remains unchanged

from w(m)
t−1.
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TRAINING OF GATING NETWORK PARAMETERS

After obtaining w(mt)
t , the MoE updates Θt to Θt+1 using GD.

▶ On one hand, we aim for θ(m)
t+1 of each expert m to specialize in a specific task, which helps

mitigate learning loss caused by the incorrect routing of distinct tasks.
▶ On the other hand, the router needs to balance the load among all experts (Fedus, Zoph, and

Shazeer 2022; Li et al. 2024) to reduce the risk of model overfitting and enhance the learning
performance in CL.
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KEY DESIGN I: MULTI-OBJECTIVE TRAINING LOSS

▶ First, we propose the following locality loss function for updating Θt:

Lloc
t (Θt,Dt) =

∑
m∈[M]

πm(Xt,Θt)∥w(m)
t − w(m)

t−1∥2.

▶ Then we follow the existing MoE literature (e.g., Fedus, Zoph, and Shazeer 2022; Li et al. 2024)
to define an auxiliary loss to characterize load balance among the experts:

Laux
t (Θt,Dt) = α · M ·

∑
m∈[M]

f (m)
t · P(m)

t ,

where α is constant, f (m)
t = 1

t
∑t

τ=1 1{mτ = m} is the fraction of tasks dispatched to expert m
since t = 1, and P(m)

t = 1
t
∑t

τ=1 πm(Xτ ,Θτ ) · 1{mτ = m} is the average probability that the router
chooses expert m since t = 1.
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KEY DESIGN I: MULTI-OBJECTIVE TRAINING LOSS (CONT.)

We finally define the task loss for each task arrival nt as follows:

Ltask
t (Θt,w(mt)

t ,Dt) = Ltr
t (w

(mt)
t ,Dt) + Lloc

t (Θt,Dt) + Laux
t (Θt,Dt).

Commencing from the initialization Θ0, the gating network is updated based on GD:

θ
(m)
t+1 = θ

(m)
t − η · ∇

θ
(m)
t

Ltask
t (Θt,w(mt)

t ,Dt), ∀m ∈ [M]

where η > 0 is the learning rate.

15 / 27



KEY DESIGN II: EARLY TERMINATION

Algorithm Training of the MoE model for CL

1: Input: T, σ0,Γ = O(σ1.25
0 ), λ = Θ(σ1.25

0 ), I(m) = 0, α = O(σ0.5
0 ), η = O(σ0.5

0 ),T1 = ⌈η−1M⌉;
2: Initialize θ

(m)
0 = 0 and w(m)

0 = 0, ∀m ∈ [M];
3: for t = 1, · · · ,T do
4: Generate r(m)

t for any m ∈ [M];
5: Select mt and update w(mt)

t ;
6: if t > T1 then
7: for ∀m ∈ [M] with |hm − hmt | < Γ do
8: I(m) = 1; // Convergence flag
9: end for

10: end if
11: if ∃m, s.t. I(m) = 0 then
12: Update θ

(m)
t for any m ∈ [M];

13: end if
14: end for
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THEORETICAL RESULTS: FEATURE SIGNAL

Lemma 1 (M > N version)

For any two feature matrices X and X̃ with the same feature signal vn, with probability at least 1 − o(1), their
corresponding gate outputs of the same expert m satisfy∣∣hm(X,θ

(m)
t )− hm(X̃,θ

(m)
t )

∣∣ = O(σ1.5
0 ).

Given N tasks, all experts can be classified into N sets based on their specialty, where each expert set
is defined as:

Mn =
{

m ∈ [M]
∣∣n = argmax

j∈[N]
(θ

(m)
t )⊤vj

}
.
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THEORETICAL RESULTS: CONVERGENCE OF EXPERT MODEL

Proposition 1 (M > N version)

Under Algorithm 1, with probability at least 1 − o(1), for any t > T1, where T1 = ⌈η−1M⌉, each expert
m ∈ [M] stabilizes within an expert set Mn, and its expert model remains unchanged beyond time T1,
satisfying w(m)

T1+1 = · · · = w(m)
T .
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NECESSITY OF EARLY TERMINATION

Proposition 2 (M > N version)

If the MoE keeps updating Θt at any round t > T1, we obtain:
1. At round t1 = ⌈η−1σ−0.25

0 M⌉, the following property holds

∣∣hm(Xt1 ,θ
(m)
t1

)− hm′(Xt1 ,θ
(m′)
t1

)
∣∣ = {

O(σ1.75
0 ), if m,m′ ∈ Mn,

Θ(σ0.75
0 ), otherwise.

2. At round t2 = ⌈η−1σ−0.75
0 M⌉, the following property holds∣∣hm(Xt2 ,θ

(m)
t2

)− hm′(Xt2 ,θ
(m′)
t2

)
∣∣ = O(σ1.75

0 ), ∀m,m′ ∈ [M].
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BENEFIT OF EARLY TERMINATION

Proposition 3 (M > N version)

Under Algorithm 1, the MoE terminates updating Θt since round T2 = O(η−1σ−0.25
0 M). Then for any task

arrival nt at t > T2, the router selects any expert m ∈ Mnt with an identical probability of 1
|Mnt |

, where |Mnt |
is the number of experts in set Mn.
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DEFINITION OF FORGETTING AND GENERALIZATION

We define Et(w
(mt)
t ) as the model error in the t-th round:

Et(w
(mt)
t ) = ∥w(mt)

t − wnt∥2
2.

Following the existing literature on CL (e.g., S. Lin, Ju, et al. 2023; Chaudhry et al. 2018), we assess
the performance of MoE in CL using the metrics of forgetting and overall generalization error:
▶ Forgetting:

Ft =
1

t − 1

t−1∑
τ=1

(Eτ (w(mτ )
t )− Eτ (w(mτ )

τ )).

▶ Overall generalization error:

GT = 1
T
∑T

τ=1 Eτ (w
(mτ )
T ).
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BENCHMARK: PERFORMANCE OF SINGE EXPERT

Here we define r := 1 − s
d as the overparameterization ratio.

Proposition 4

If M = 1, for any training round t ∈ {2, · · · ,T}, we have

E[Ft] =
1

t − 1

t−1∑
τ=1

{rt − rτ

N

N∑
n=1

∥wn∥2 +
rτ − rt

N2

∑
n̸=n′

∥wn′ − wn∥2
}
,

E[GT] =
rT

N

N∑
n=1

∥wn∥2 +
1 − rT

N2

∑
n̸=n′

∥wn − w′
n∥2.
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PERFORMANCE OF MOE

We define L(m)
t := t · f (m)

t as the cumulative number of task arrivals routed to expert m up to round t.

Theorem 1 (M > N Case)

If M = Ω(N ln(N)), for each round t ∈ {2, · · · ,T1}, the expected forgetting satisfies

E[Ft] <
1

t − 1

t−1∑
τ=1

{rL(mτ )
t − rL(mτ )

τ

N

N∑
n=1

∥wn∥2 +
rL(mτ )

τ − rL(mτ )
t

N2

∑
n ̸=n′

∥wn′ − wn∥2
}
.

For each t ∈ {T1 + 1, · · · ,T}, we have E[Ft] =
T1−1
t−1 E[FT1 ]. Further, after training task nT in the last round

T, the overall generalization error satisfies

E[GT] <
1
T

T∑
τ=1

{rL(mτ )
T1

N

N∑
n=1

∥wn∥2 +
1 − rL(mτ )

T1

N2

∑
n̸=n′

∥wn′ − wn∥2
}
.
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EXPERIMENT SETTING: SYNTHETIC DATA

▶ We first generate N ground truths and their corresponding feature signals.
• For each wn ∈ Rd, we randomly generate d elements by a normal distribution N (0, σ0).

These ground truths are then scaled by a constant to obtain their feature signals vn.
▶ In each training round t, we generate (Xt,yt) based on ground-truth pool W and feature signals.

• After drawing wnt from W , for Xt ∈ Rd×s, we randomly select one out of s samples to fill
with βtvnt . The other s − 1 samples are generated from N (0, σ2

t Id).
• Then, we compute the output yt = X⊤

t wnt .
▶ Here we set σ0 = 0.4, σt = 0.1, d = 10, s = 6, η = 0.5, α = 0.5 and λ = 0.3.
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EXPERIMENTS: SYNTHETIC DATA
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Figure. The dynamics of forgetting and overall generalization errors with and without termination of
updating Θt in Algorithm 1. Here we set N = 6 with K = 3 clusters and vary M ∈ {1, 5, 10, 20}.
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EXPERIMENTS: REAL-DATA VALIDATION

▶ In each round, we obtain the feature matrix by averaging s = 100 training data samples.
▶ To diversify the model gaps of different tasks, we transform the d × d matrix into a d × d

dimensional normalized vector to serve as input for the gating network.
▶ Then we calculate the variance σ0 of each element across all tasks from the input vector.
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Figure. The dynamics of overall generalization error and test accuracy under the CIFAR-10 dataset
(Krizhevsky, Hinton, et al. 2009). Here we set K = 4,N = 300 and M ∈ {1, 4, 12}.
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CONCLUSION

▶ We conducted the first theoretical analysis of MoE and its impact on learning performance in
CL, focusing on an overparameterized linear regression problem.

▶ We proved that the MoE model can diversify experts to specialize in different tasks, while its
router can learn to select the right expert for each task and balance the loads across all experts.

▶ Then we demonstrated that, under CL, terminating the updating of gating network parameters
after sufficient training rounds is necessary for system convergence.

▶ Furthermore, we provided explicit forms of the expected forgetting and overall generalization
error to assess the impact of MoE.

▶ Finally, we conducted experiments on real datasets using DNNs to show that certain insights
can extend beyond linear models.
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