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» Imagine that you have a problem in Enumerative geometry,
e.g., count curves over a finite space.
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e.g., count curves over a finite space.

» Imagine that you have a problem in Enumerative geometry,
» This computation is intractable
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Motivation

» Imagine that you have a problem in Enumerative geometry,
e.g., count curves over a finite space.

» This computation is intractable

» Given one finds a generating function, the computation is
recursive with exponential or factorial blow up
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Number of rational curves of degree d that lie on a 4-dimensional complex
projective space.



Motivation

» Imagine that you have a problem in Enumerative geometry,
e.g., count curves over a finite space.

» This computation is intractable

> Given one finds a generating function, the computation is
recursive with exponential or factorial blow up

» Is it possible to surrogate this computation or a Neural
Enumerative Reasoning model?



Motivation

» Imagine that you have a problem in Enumerative geometry,
e.g., count curves over a finite space.

» This computation is intractable

> Given one finds a generating function, the computation is
recursive with exponential or factorial blow up

» Is it possible to surrogate this computation or a Neural
Enumerative Reasoning (NER) model?

» IF so, what can we learn from the what the NER network
learned? Is it possible to extract knowledge from
mathematical “World Model” of the network? hl v
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condition

Let g,n be non-negative integers satisfying the stability

2g—2+n>0.
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Moduli Spaces of Algebraic Curves

Let g,n be non-negative integers satisfying the stability
condition
29 —2+4+n>0.

Let’s denote by ﬂg’n the Deligne—Mumford moduli space
of stable algebraic curves of genus g with n distinct marked
points. This is a complex, compact, smooth orbifold of
dimension

dim Mg, =39 —3+n.



One can associate with each marked point a cotangent line

bundle £; on Mg, for j =1,...,n. The -class, 9;, is
defined as the first Chern class of L;:

Y = c1(Ly).
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One can associate with each marked point a cotangent line

bundle £; on Mg, for j =1,...,n. The -class, 9;, is
defined as the first Chern class of L;:

Y = c1(Ly).

Consider the integrals of products of 1)-classes over My ,:

g,mn

(Tay =T, )g,m :/ ¢il1... dn € Q, where Zdn=3g—3+n~
M

n
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Witten’s Analysis

» Witten '91 found a theory of two-dimensional topological
quantum gravity, where the intersection numbers in this
context are interpreted as correlators of the theory.

» He conjectured that the exponential generating
function

h2g72+n d d
Z(x;h) = exp Z — Z <Td1"'7'dn>g7nxl"'x"

g>0 diy...,dn >0

n>0 di+--+dn=39g—3+n
satisfies an infinite tower of quadratic partial differential
equations known as the Korteweg—de Vries (KdV)
hierarchy.



Kontsevich’s Proof

» Witten ’91 found a theory of two-dimensional topological
quantum gravity, where the intersection numbers in this
context are interpreted as correlators of the theory.

» He conjectured that the exponential generating function

h2972+n d d
Z(x;h) = exp ZT Z <Td1"'7—d”>g,n$l"'$”

920 dy,...,dn >0
n>0 di+---4dp=3g—3+n
satisfies an infinite tower of quadratic partial differential
equations known as the Korteweg—de Vries (KdV)
hierarchy.

» Kontsevich 92 provided a rigorous mathematical proof of
Witten’s conjecture by relating intersection numbers on Mg, to
the combinatorics of ribbon graphs and matrix models.



.
K

A Quantum Airy Structure (Kontsevich et al. ’17) on a complex
i

vector space V, dually generated by (2%);cr, is a family of differential
operators (L;);ecs in the Weyl algebra over V' of the form

Li=hd; —h* )

1
( Ajapz’z —l—Bb,axaab—I—in’b@ 8) rD;,
a,bel
(1)
where:
» 0, =0,
> A'L a,b = Ai,b,a
> C.“”’ = ()f:“
» Bb

a,b
za7C’7

i

and D; are scalars indexed by elements in I
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Existence and Uniqueness of the Partition Function

Theorem (Kontsevich-Soibelman ’17)

If (Li)ier s a quantum Airy structure on V', there exists a unique
formal function Z of the form

h2gf2+n r p
Z(x; h) = exp ZT Z Foar,...d, T -z
920 ’ di,...,dn €1
n>0
with Fo,q, = Fo.dy,d, = 0, Fyq,.....d, symmetric in dy,...,d, €I, and
such that
L;,Z=0 Viel.

The coefficients Fy.q, .. q4,, called quantum Airy structure amplitudes,
are determined recursively based on the initial data (A4, B,C, D).



Fg§d17d2,m

formula satisfies Topological Recursion, is given by

=2a€l

—

n
_ a
sdn = Z ZBdlvdeg;a,d2,...
m

7dm7“'7dn

1 a,b
t3 > Co | Fymviabdon..d, +
a,bel

>

Fgua,h ng;b,Iz
gi1+92=g
IlLlI2={d2,... dn}
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tensors:

Given that the differential operators (L;);>¢ are determined by the

Ak =05k

2k + !
Bf; =6 @k+1)
; 2j + 1)I1(2k + 1)!!
crk =5 ; (
i i,j+k+2 (2i+1)”

R F 2y — )i

0;
D; = .1
the associated amplitudes coincide with 1-class intersection numbers:

24
’rd .. .’rdn ,
Fg;dl,---,dn = {é ! >gn

ifdi+---+d,=39g—3+n,
otherwise.
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» Challenges

» Computation Complexity of of O(g! - 2™).
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» Challenges

» Computation Complexity of of O(g! - 2™).
» Extremely challenging to find asymptotic closed-form
expression — Only recently for large genus limit, where

n = 0(\/g) (Aggarwal '20). (Large n limits is still open
problem.)
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Computability: Challenges and Ideas

» Challenges

» Computation Complexity of of O(g!-2").

» Extremely challenging to find asymptotic closed-form
expression — Only recently for large genus limit, where
n = 0(,/9) (Aggarwal '20). (Large n limits is still open
problem.)

» Very hard to find new identities to make the computation
more feasible



Computability: Challenges and Ideas

» Challenges

» Computation Complexity of of O(g!-2").

» Extremely challenging to find asymptotic closed-form
expression — Only recently for large genus limit, where
n = 0(,/9) (Aggarwal '20). (Large n limits is still open
problem.)

» Very hard to find new identities.

» Simple Idea:

» Let’s surrogate the computation, given Quantum Airy
structure initial data — aligned with AI-Mathematician
collaboration paradigm (Davies et al. '21).

» Oh, but one can only wish this were simple!



» Intersection numbers

exhibit extreme
high-variance —
Heteroscedasticity

Heteroscedasticity occurs
when the standard
deviation of a predicted
variable varies across
different values of an
independent variable

Intersections (Log Scale)

Inersections (Log Scale)
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» Multi-Dimensional Recursion:

» Extends beyond a single linear progression and spans across
multiple dimensions, (g, n).
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Challenges: Recursive Behavior with Factorial Blow-Up

» Multi-Dimensional Recursion:

» Extends beyond a single linear progression and spans across
multiple dimensions, (g,n).

» No Fixed Order:

» Unlike typical recursions with a fixed number of preceding
terms, e.g Fibonacci sequence:

Ap = Gp—1 + Anp—2

» There is not fixed recurrence order. To compute a point at
(g,m), one needs information from multiple points such as:
(g—1,n+1), (g1,n1)A(na,n2) s.t g1+go = gand ny+ns =n



» Multi-Dimensional Recursive behavior with factorial

Intersections (log Scale)
i

Intersections (log Scale)
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Intersections (log Scale)

» (Multi-Dimensional) Recursive behavior with factorial
blow-up

Intersections (log Scale)

1

15 0 £ E 0 2000 4000 6000 8000 10000
Number of Marked Points

Steps.

But, how does ML perform against recursive function?
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Recursive function r(n):

350 A

300 A

< 2001
=
150

100 4

r(n) =n+ (n&r(n—1))

1 — nn)

Training Data
Testing Data
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Recursive function r(n):

r(n) =n+ (n&r(n—1))
4001 True r(n) 4001 True r(n) gl
—— RelU —— Tanh ]
300 300 ;
Z 200 €200
100 100
0 | 0 :
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
n n
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Recursive function r(n):

r(n) =n+ (n&r(n—1))
4001 True r(n) 4001 True r(n)
—— SNAKE — KAN
300 300
Z 200 Z 200
100 100 -
i
0 | 0 ‘
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
n n
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functional behaviors.

» Activation function is important for capturing different
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» Activation function is important for capturing different
functional behaviors.

» Current non-linear activations fail miserably on (even
first-order) recursive patterns.
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» We introduced Dynamic Range Activator (DR2)
DRA(z) := 2 + bsin’*(ax) + ccos(ax) + d tanh(bz)

» Learnable parameters (a,b,c,d) € R to shape the activation’s
curvature, frequency, and amplitude.

» The harmonic part quasi-stable cycles and hyperbolic part leads
to saturations or stable attractors.

DA 5174



» We introduced Dynamic Range Activator (DRA)

DRA(z) :=z + bsin?(ax) + ccos(axr) + d tanh(bzx)

4009 Trye r(n)
—— DRA
300
< 200
100
e
il
0
0 25 50 75 100 125

150 175 200
n
» There is hope to capture the recursive -class intersection...

«40)>» «F)>» « =)»

< 3

DA 3974



ith the Data

Let’s be One w

» g: genus (Integer)

S

» n: number of marked point

(Integer)
» d: Partitions (Vector of length n)

» B: Graph in COO format of

SIS e
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variable size

(2, 2,1,1, 1, 0, 0, 9, 0, 0)",1



DynamicFormer

» Multi-Modal Transformer model with DR activation

function
DynamicFormer

|
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Analytical Methods (recursive)
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Large Genus Asymptotic
Open Question?
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Compute
Geometric Objects

(Amplitudes/

Intersections)

Analytical Methods (recursive)

F,, ~ fy(g,n; ABCD)
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Large Genus Asymptotic
Open Question?
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» In Distribution (ID): Same g as training, but higher n
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» In Distribution (ID): Same g as training, but higher n

» Out-of-Distribution (OOD): higher g than training
» Uncertainty quantification with Conformal Procedure.
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Results

» In Distribution (ID): Same g as training, but higher n
» Out-of-Distribution (OOD): higher g than training.

» Uncertainty quantification with Conformal Procedure.

(g,m) R%?{ Coverage CW
(1,35) 998 9035  1.03
(2,33) 996 8360 0.4
(3.31) 999 7479 076
(4,29) 98.7 9566  1.11 (g,m) R?1t Coverage CW
527) 991 9266  1.03
EG 253 oS o (14,(1,9) 996 9382 093
(7.23) 991 9305 068 (15,[1,7) 959 8427 091
6o w5  oogs o (16,[1,5]) 941  89.60 355
o ‘ : ' (17.[.3)) 938 9527 830

9,19) 99.9 96.71 0.91
(10,17)  99.9 90.01 1.04 (b) R? and conformal uncertainty estimation results
(11,15) 99.8 91.97 0.87 with a = 0.1 (90% target coverage) in the OOD set-
(12,13) 99.6 89.08 1.30 ting.

(13,11) 99.9 95.90 0.97

(a) R? and conformal uncertainty estimation results
with oo = 0.1 (90% target coverage) in the ID setting.



Results

» In Distribution (ID): Same g as training, but higher n
» Out-of-Distribution (OOD): higher g than training.

» Uncertainty quantification with Conformal Procedure.

ReLU GLU Snake DRA
R?+ CW] R2?1 CWJ] R?21T CWJ] RZt CW|
71.5 973 747 834 829 6.55 958 3.42




» Do Transformers actually understand the underlying
enumerative geometry?

«40)>» «F)>» « =)»

<

i
-

DA 41y74



» Do Transformers actually understand the underlying
enumerative geometry?

» Is it possible to extract useful knowledge or hints toward a
possible discovery of a theorem?
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» Do Transformers actually understand the underlying
enumerative geometry?

» Is it possible to extract useful knowledge or hints toward a
possible discovery of a theorem?

» Interpretability Approaches
1. Self-Similarity
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» Do Transformers actually understand the underlying
enumerative geometry?

» Is it possible to extract useful knowledge or hints toward a
possible discovery of a theorem?
» Interpretability Approaches
1. Self-Similarity
2. Causal Tracing
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How does the Model do Enumerative Geometry?

» Do Transformers actually understand the underlying
enumerative geometry?

» Is it possible to extract useful knowledge or hints toward a
possible discovery of a theorem?
» Interpretability Approaches

1. Self-Similarity
2. Causal Tracing
3. Abductive Hypothesis Testing



Self-Similarity

» Internal representation of the last layer before the
prediction head. What is this pattern?

Intersections

Intersections

Intersections

Intersections

Intersections

Intersections

Intersections
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0.80

078
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Self-Similarity

» Dilaton Equations: the intersection numbers involving a 7
term can be reduced to a simpler intersection number with one
fewer marked point.

(T, Tdys - > Tdn Ygnt1 = (20 = 2+ 1)(Tdy, - - -+ Tdy, Ygon -

» 7y represents the first
power of the v-class at
a marked point.

‘‘‘‘‘‘‘‘‘‘‘‘




Self-Similarity

» Dilaton Equations: the intersection numbers involving a 7
term can be reduced to a simpler intersection number with one
fewer marked point.

(T, Tdys - > Tdn Ygnt1 = (20 = 2+ 1)(Tdy, - - -+ Tdy, Ygon -

» New Identities:
decreased the search
space from O(107) to
0(103)!
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» Let’s understand the model’s decision-making process
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» Specifically identifying which input modalities are more
influential when predicting the intersections — we want to

uncover how the network causally comprehends the
underlying mathematics.
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» Let the input modalities be m[i] = {n[i], B[i], d[i]} for each
input instance %
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» Let the input modalities be m[i] = {n[i], B[i], d[i]} for each
input instance %

» There are then two steps:
1. Clean run. This run records the model’s prediction on a

regular input. With this run, we record auto-correlation of

the predicted intersection numbers across different number
of marked points.
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Causal Tracing

» Let the input modalities be m[i] = {nl[i], Bi],d[i]} for each
input instance ¢

» There are then two steps:

1. Clean run. This run records the model’s prediction on a
regular input. With this run, we record auto-correlation of
the predicted intersection numbers across different number
of marked points.

2. Counter-factual intervention. We perform interventions
by modifying instances in one modality while keeping others
unchanged to observe how these changes affect the model’s
predictions, e.g., associating the partition
d=(29,10,5,3,1,0) with n = 3 rather than of n = 6.



Causal Tracing

» Let the input modalities be m[i] = {nl[i], Bi],d[i]} for each
input instance %
» There are then two steps:

1. Clean run. This run records the model’s prediction on a
regular input. With this run, we record auto-correlation of
the predicted intersection numbers across different number
of marked points.

2. Counter-factual intervention. We perform interventions
by modifying instances in one modality while keeping others
unchanged to observe how these changes affect the model’s
predictions.

» This replacement results in a miss-assignment of features
to a sample, which alters the target prediction, 7.e.,
mli| — m[j] where i # j, to obtain Fy,((d), , |[do(m[i])).



Auto-correlation across different number of marked points n for
clean (leftmost) and intervened runs (from left to right) for n, B, and

d respectively.

R 1 1. 1
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Auto-correlation across different number of marked points n for
clean (leftmost) and intervened runs (from left to right) for n, B, and
d respectively.

ST ETEITE

Autocorrelation
°

-0.25 -0.25 —0.25 —0.25
-0.50 -0.50 -0.50 ~0.50
-0.75 -0.75 -0.75 -0.75.
-1 -1 1 -1
2 4 6 2 a 6 2 7 6 2 4 6

n

The model is predicting the intersections mainly using the partitions
and the number of marked points!
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Analytical Methods (recursive)
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Large Genus Asymptotic
Open Question?
F,, ~ fg,n; ABCD)
Compute
Geometric Objects
(Amplitudes/
Intersections)

DA 5874



» We have a network that is predicting the values of
Intersection numbers.
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» We have a network that is predicting the values of
Intersection numbers.

» We know that the model is learning the underlying
constraints and geometry.
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» We have a network that is predicting the values of
Intersection numbers.

» We know that the model is learning the underlying
constraints and geometry.

» Mathematicians with less data, but with intuitional hints,
conjecture closed-form expressions for the Intersections.

u]
8]
1
n
it

DA G174



Abductive Hypothesis Testing

» We have a network that is predicting the values of
Intersection numbers.

» We know that the model is learning the underlying
constraints and geometry (from both casual tracing and
self-similarity)

» Mathematicians with less data, but with intuitional hints,
conjecture closed-form expressions for the Intersections.

» Question: In scenarios where the form (e.g parameters )
of the asymptotic closed-form formulas are unknown, can
one use Al-based abduction to infer and provide evidence
for them?



» Conjectural form of the large genus asymptotic ¥-class
Intersections:

- 2n 1
. N~ —
(@ T2+ 1= 5

™ (%)
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Abductive Hypothesis Testing

» Conjectural form of the large genus asymptotic y-class

Intersections:
n 2?7, 1
(d)gn H(2di+1)”%gm(ﬂrmjtawr---)
i=1 ( // A
Jlof by NV ap- yroe Kiter sier 1orms
& % Coitrd™ /Z/

e hltes
,ﬁ ETATAAT
1 1 7 1 +
/ livers oy 0-37 @ o1 0.5
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Abductive Hypothesis Testing

» Conjectural form of the large genus asymptotic 1-class
Intersections:
<d) ﬁ(Qd-—‘,—l)”Nﬁ;(l—i—a + _|_)
g,n ? - A (21)29*2+n 1 2

1=1

» Given that 2 is a rational number, let’s grid-probe the it’s
values, such that the internal representation of the model best
predicts RHS.



Hosein
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Abductive Hypothesis Testing

= The network’s internal representation of the polynomiality
phenomenon (Guo et al. ’22; Eynard et al. '23) does not have a
simple linear form, but a non-linear representation.



Abductive Hypothesis Testing

No Intervention n B d

R?2 0.96 —12.6 054 —52.2
R2 0.83 0.52 (=2.77) 0.43



Mobile User


Abductive Hypothesis Testing

No Intervention n B d
R?2 0.96 —12.6 054 —52.2
R? 0.83 052 —2.77 0.43

= The model is implicitly learning the asymptotic closed-form
expression of Intersection numbers!


Mobile User


> 1991 — E.Witten proposes a recursive formula for generating all

intersection numbers of 1-classes, asserting that their generating function
satisfies the KdV hierarchy of differential equations.
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> 1991 — E.Witten proposes a recursive formula for generating all

intersection numbers of -classes, asserting that their generating function
satisfies the KdV hierarchy of differential equations.

1992 — M. Kontsevich proves Witten’s conjecture by relating intersection

numbers of i-classes to ribbon graphs and utilizing a matrix model
approach.
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Updated history of Intersection Theory of 1)-classes

> 1991 - E.Witten proposes a recursive formula for generating all
intersection numbers of -classes, asserting that their generating function
satisfies the KdV hierarchy of differential equations.

> 1992 - M. Kontsevich proves Witten’s conjecture by relating intersection
numbers of 1-classes to ribbon graphs and utilizing a matrix model
approach.

» 2004 — M. Mirzakhani offers a novel proof of Witten’s conjecture by
linking intersection numbers of i-classes to volumes of moduli spaces of
hyperbolic surfaces.



Updated history of Intersection Theory of 1)-classes

> 1991 — E.Witten proposes a recursive formula for generating all
intersection numbers of t-classes, asserting that their generating function
satisfies the KdV hierarchy of differential equations.

> 1992 — M. Kontsevich proves Witten’s conjecture by relating intersection
numbers of 1-classes to ribbon graphs and utilizing a matrix model
approach.

> 2004 — M. Mirzakhani offers a novel proof of Witten’s conjecture by
linking intersection numbers of ¥-classes to volumes of moduli spaces of
hyperbolic surfaces.

> 2007 - B. Eynard and N. Orantin introduce Topological Recursion,
generalizes Mirzakhani’s recursive framework, Topological Recursion for
computing intersection numbers.



Updated history of Intersection Theory of 1)-classes

> 1991 — E.Witten proposes a recursive formula for generating all
intersection numbers of 1-classes, asserting that their generating function
satisfies the KAV hierarchy of differential equations.

> 1992 — M. Kontsevich proves Witten’s conjecture by relating intersection
numbers of 1-classes to ribbon graphs and utilizing a matrix model
approach.

> 2004 - M. Mirzakhani offers a novel proof of Witten’s conjecture by
linking intersection numbers of 1-classes to volumes of moduli spaces of
hyperbolic surfaces.

» 2007 — B. Eynard and N. Orantin introduce Topological Recursion,
generalizes Mirzakhani’s recursive framework, Topological Recursion for
computing intersection numbers.

> 2018 — M. Kontsevich and Y. Soibelman develop Quantum Airy
Structures (qAs), offering an algebraic approach to calculating intersection
numbers with Topological Recursion.



Updated history of Intersection Theory of 1)-classes

> 1991 — E.Witten proposes a recursive formula for generating all
intersection numbers of -classes, asserting that their generating function
satisfies the KdV hierarchy of differential equations.

> 1992 - M. Kontsevich proves Witten’s conjecture by relating intersection
numbers of 1-classes to ribbon graphs and utilizing a matrix model
approach.

> 2004 — M. Mirzakhani offers a novel proof of Witten’s conjecture by
linking intersection numbers of v-classes to volumes of moduli spaces of
hyperbolic surfaces.

» 2007 — B. Eynard and N. Orantin introduce Topological Recursion,
generalizes Mirzakhani’s recursive framework, Topological Recursion for
computing intersection numbers.

> 2018 — M. Kontsevich and Y. Soibelman develop Quantum Airy
Structures (qAs), offering an algebraic approach to calculating intersection
numbers with Topological Recursion.

> 2024 - B. H., R. Corominas and A. Giacchetto, Neural
Enumerative Reasoning for highly recursive 1-class intersection numbers,
and abductive hypothesis testing to recover the closed-form formula.
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