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Introduction to Optimal Transport

« Given ¢, a cost function over X x X, Kantorovich Optimal Transport (OT) formulation
between s, t, € RT(X):

inf cdm s.t. my = sp and m, = t,,
nER;’(XxX)f 1 0 2 0

where m;, m, are marginal densities of .

« Optimal value, whenever c is a metric, gives the Wasserstein metric.

X': space where supports of the distributions lie.
R{(X): set of probability measures over X.
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Unbalanced Optimal Transport

« Unbalanced OT (UOT) between sy, t, € RT(X) :
inf dmr + AD (14, AD (15, t
neR}}(lxXx) J ¢ dm + AD(mq, 50) + AD (11, tp)
where 4 > 0 and D is a divergence over measures
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Unbalanced Optimal Transport

« Unbalanced OT (UOT) between sy, t, € R*(X) :

neRjrr(IchXx) [ cdm + AD(my, s¢) + AD (75, tp)

where 4 > 0 and D is a divergence over measures

« Generalized Wasserstein distance between s,,t, € R* (X) :

s [ cdm+ATV(my,50) + ATV(m2,t0)  piccoli & Rossi, 2016

« KL-Regularized UOT between s,,t, € R (X) :

o Jlrr(ljfc - [ cdm + AKL(my, so) + AKL(7,, tp)

Study of metricity: Liero et al. 2018
Computational aspects: Chizat et al. 2018
Improvements in various downstream ML applications
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Proposed MMD-Regularized Unbalanced Optimal Transport

 We propose UOT formulation with Maximum Mean Discrepancy (MMD) regularization.

« MMD-UOT between s,,t, € R*(X): inf [ cdm+ AMMDy(my,s0) + AMMD, (75, t,)
TERT (X XX)

» Key research questions we focus on:

U Does MMD-UQOT lead to a valid metric?
O Statistical complexity to estimate MMD-UOT?
L Computational complexity?

X': space where supports of the distributions lie.
R*(X): subset of non-negative measures over X.
A>0

k: kernel used.
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MMD-UOT: Duality Result

MMD-UOT between sy, t, € R*(X) :

Ui, (So, to) = nER*i‘r(lJfoX) J ¢ dm + AMMDy (114, s¢) + AMMDy (1, t,)
Dual Whenever c is a (continuous) ground metric over a compact domain,

Reformulation:

Ue (S0, to) = fea{rlﬁ)){nwc fxf dso — fxf dt,

where G(k,A) ={f € Hy:||f]||x < A}
We ={f €C:||fll. =1}

X': space where supports of the distributions lie.
H, : Reproducing Kernel (k) Hilbert Space
C: set of continuous functions
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MMD-UOT: Metric Properties

Dual Whenever c is a (continuous) ground metric over a compact domain,
Reformulation:

Uc 2 (So,to) = fea?tgill))(nwc fxf dsg — fxf dty

Corollary: - U_, , belongs to the family of Integral Probability Metrics (Muller, 1997)

 with the generating set G(k,1) n W,

- By showing positive definiteness of U_ ; , (with a characteristic kernel),
we conclude U, ; is a norm-induced metric.

X': space where supports of the distributions lie.
H, : Reproducing Kernel (k) Hilbert Space

C: set of continuous functions

G(k,A) ={f € He:|If llx < 2}

We ={f €C:|Ifll. =1}
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MMD-UOT: Sample Efficiency

Dual Whenever c is a (continuous) ground metric over a compact domain,
Reformulation:

Uca(So,to) = _ max ffdso —ffdto
X

feG(k,A)NW, x

Corollary:  \ith 3, £, as the corresponding empirical measures over m samples,
Uc e Gmtm) = Ug 2 (S0, to) With a rate same as MMD(3,y,, t,,,) — MMD(sy, to).
1
Using a normalized kernel, sample complexity: O(m‘i).

X': space where supports of the distributions lie.
H, : Reproducing Kernel (k) Hilbert Space

C: set of continuous functions

G(k,2) = {f € Hy:|If |l < A)

We =t €C:|IfllL =1}
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MMD-UQOT: Consistent Estimator

UC,k,/1 (So, tO) = nERIIl(i‘%]xx) J C dT[ + AMMDk(T[l, So) + AMMDk (7-[2, to)

0 (m_%

1
O(m_i : A A
eaRin f ¢ d + AMMDy, (14, $,,) + AMMDy, (11, £,,,)

min j ¢ dm + AMMDy, (14, 8,,,) + AMMD,. (75, t.,,)

mxXm
meRY

Such finite-parameterization bounds are not studied for prior OT variants.
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MMD-UOT: Computational Aspects

With an equivalent squared-MMD regularization,

min j ¢ dw + AMMDZ(m4, $,,,) + AMMDZ (1, t,,,)

mxXm
meRY

we show the objective is L-smooth

& employ accelerated PGD with step size G)

Resulting computational complexity: 0 ("—j;) with € as the optimality gap.
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Experimental Results: Single Cell RNA Sequencing

Setting: MMD-UOT based interpolating barycenter to predict the cell population

Timestep MMD e-KLOT Proposed MMD-UOT

11 0.375 0.391 0.334

f) to 0.190 0.184 0.179
o i3 0.125 0.138 0.116
Avg. 0.230 0.238 0.210

Population at ¢;_, Population at t; Population at t;, ;

Distance between the predicted & the ground truth
in terms of MMD.

e-KLOT: KL-Regularized UOT with entropic regularization.
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Experimental Results: Unsupervised Domain Adaptation

Setting: MMD-UOT based loss for Unsupervised Domain Adaptation
following the setup in Fatras et al., [2021].

Method A-CA-PA-RC—-AC-»PC-RP—-AP-CP->RR—-AR->CR-P
ResNet-50 349 50.0 58.0 374 419 46.2 385 31.2 604 53.9 41.2 59.9
DANN

(Ganin et al., 2016] 44.3 59.8 69.8 48.0 583 63.0 49.7 42.7 706 64.0 51.7 78.3
CDAN-E

[Long et al., 2017] 92.5 714 76.1 59.7 69.9 71.5 587 503 T7.5 70.5 579 83.5
DEEPJDOT

[Damodazan et al., 2018] 50.7 68.7 T4.4 59.9 65.8 68.1 552 463 73.8 66.0 54.9 78.3
ALDA

[Chen et al., 2020] 52.2 69.3 76.4 58.7 682 71.1 574 49.6 76.8 T70.6 57.3 82.5
ROT

(Balaji et al., 2020] 472 T71.8 764 586 68.1 70.2 56.5 45.0 75.8 69.4 52.1 80.6

e-KLOT (JUMBOT)
[Fatras et al., 2021]

55.2 75.5 80.8 65.5 744 749 652 52.7 79.2 73.0 599 83.4

BombOT
(Nguyen et al., 2022] 56.2 75.2 80.5 65.8 74.6 75.4 66.2 53.2 80.0 74.2 60.1 83.3
MMD-UOT 56.5 77.2 82.0 70.0 77.1 77.8 69.3 55.1 82.0 75.5 59.3 84.0

Accuracies for adaptation from source — target domains on Office-Home dataset.
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Summary & Open Problems

Summary of Contributions Code:
https://github.com/Piyushi-0/MMD-reg-OT

Statistically efficient variants of Kantorovich-Wasserstein
Computationally efficient solver Other links:
Improvements in downstream ML applications

More results in our paper.

Open Problems

On expanding the proof of metricity

On finding settings with closed form solutions Contacts:

cs18m20p100002@iith.ac.in
saketha@cse.iith.ac.in

More in our paper. e )
pratik.itb@gmail.com
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