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2.2 Lemma2 − Adversarial net as JSD based 
deep clustering loss

2.1 Lemma1 − Deep clustering as JSD loss

Deep clustering loss refers to the KLD between clustering and 
encoder  

VAE based deep clustering has the loss functions at encoder 
and decoder as shown 

Instead, we can bypass JSD closed form, using adversarial net 

4. Experimental Results

1.1 Literature - Different strategies of using 
Adversarial net

1.3 Proposed DCAN - Adversarial net based 
“Deep Clustering” 

2. Relating Deep Clustering to Adversarial 
Net using Lemmas1 and Lemma2
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2 (hz → ε
→)2
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A.3 PROBABILISTIC VARIANT OF DEEP CLUSTERING

Training a deep clustering algorithm such as ABC in eqn (3) requires a closed-form equation for the
clustering loss function. In higher dimensional latent space, the Euclidean function will become less
robust due to the curse of dimensionality. The probabilistic approach of ABC is based on the “KLD
between two Gaussians” in Lim et al. (2020); Jiang et al. (2017). When the probabilistic approach
is no longer a “KLD between two Gaussians”, the main problem is that:

a) the loss function can become non-trival to differentiate for backprogation.

Instead, we propose a new way to train deep clustering without facing such constrains i.e. we discard
the use of probabilistic approach in deep clustering. Instead, we approximate deep clustering using
adversarial net. There exist a relationship between deep clustering and adversarial net in two simple
steps:

a) From ABC to KLD to JSD: We show that under certain condition (i.e. unit
variance assumption), ABC is identical to KLD and thus related to JSD. Both
KLD and JSD are also under the family of the f -divergence.

b) Adversarial net as JSD: We approximate JSD using adversarial net. This is
possible since adversarial net approaches JSD when the training becomes optimal.

Our main goal is to find a relationship between adversarial net and deep clustering. First, we es-
tablish a relationship between KLD and ABC Lim et al. (2020). KLD measures the probabilistic
distance between two distributions. The distributions of the latent space and deep clustering space
are denoted q(z | x) and p(z | ϑ) respectively. Deep clustering space is the latent space partitioned
using GMM or Kmeans. For brevity, we denote GMM parameters with ϑ = {ε, ϖ, ϱ} as the mean
ε, precision ϖ and assignment ω for K number of clusters and N number of samples. Sample in the
latent space is denoted z =

{
z
(n)

}N

n=1
↑ RZ , where Z is the dimension of the latent space. Taking

q(z | x) and p(z | ϑ), the KLD based clustering loss is defined as Lim et al. (2020):

DKL ( p(z | ϑ) ↓ q(z | x) ) ,
p(z | ϑ) =

∏K
k=1 N (z | εk, (ϖk)↑1)ωk ,

q(z | x) = µ+ ς · N (0, 1)
(4)

The problem is how do we define KLD in terms of two Gaussians, instead of a Gaussian and a GMM
in eqn (4), which is intractable. To overcome this, we re-express the GMM term p(z | ϑ) as follows

p(z | ϑ→) = argmax
k

p(z | ϑk)

= N (z | ε→, (ϖ→)↑1)
(5)

We define p(z | ϑ→) as the k
th Gaussian component of Kmeans or GMM that draws sample z in the

latent space. i.e. we use ϱ (assignment) to compute ε
→ (mean) and ϖ

→ (precision). Thus, the KLD
of GMM and latent space in eqn (4) can now become a KLD between two Gaussian distributions in
eqn (6). More importantly, a closed formed equation is available for the latter.

DKL

(
N (z | ε→, (ϖ→)↑1) ↓ N (z | µ,ς2)

)
(6)

The relationship between KLD and ABC can be explained in Lemma 1: If we discard the second
order terms i.e. ς

2 and ϖ in eqn (6), the KLD reverts back to the original ABC loss Song et al.
(2013); Yang et al. (2017) in eqn (3) as follows:

DKL (N (z | ε→) ↓ N (z | µ)) = 1

2
(ε→ → µ)2 (7)

7

Alternative, we can represent deep clustering loss as the JSD 
between two KLDs

Published as a DeLTa Workshop Paper at ICLR 2025

To relate KLD to JSD, we simply recall JSD as the averaging between two KLDs in eqn (8). We
next discuss how to relate adversarial net to JSD.

DJS ( p(z | ω→) → q(z | x) )
= 1

2DKL

(
p → p+q

2

)
+ 1

2DKL

(
q → p+q

2

) (8)

Lemma 1 Relating deep clustering in eqn (3) to probabilistic deep clustering in eqn (6): We show
that under assumption of “unit variance”, the KLD between the encoder latent space and GMM
reverts back to the ABC loss.

Proof: For a DKL between two Gaussian distributions, there is a unique closed-form expression
available. When we assume unit variance i.e. ε = ϑ = 1, DKL reverts back to the original
Euclidean distance based clustering loss in eqn (3) as follows

DKL (p(z | ω) → q(z | x)) s.t. {ε = ϑ = 1}
= DKL

(
N (zn | ϖ→, (ε→)↑1) → N (zn | µ,ϑ)

)

= ln ε→ + lnϑ + (ω→)↑1+(ε→↑µ)2

2ϑ2 ↑ 1
2

= 1
2 (ϖ

→ ↑ µ)2

(9)

↭

A.4 DEEP CLUSTERING USING ADVERSARIAL NET APPROACHES JSD

The problem with using JSD for deep clustering is that there is rarely a closed form solution available
for a “JSD between two Gaussian distributions”. GAN overcome this by employing an adversarial
training procedure that approximates DJS (pdata → pg) at optimality, where pdata is the real data
distribution and pg is the generated data distribution as quoted in Goodfellow et al. (2014):

DJS (pdata → pg)
= E

x↓pdata

[logDG(x)] + E
z↓p(z)

[log (1↑DG {G(z)})]

= E
x↓pdata

[logDG(x)] + E
x↓pg

[log (1↑DG {x})]
(10)

Unlike the discriminator of GAN in the original space, the discriminator of DCAN works in the
latent space. Despite that, we can express DCAN using the encoder-discriminator network in Fig 1:

DJS (p(z | ω→) → q(z | x))
= E

z↓p(z|ϖ→)
[lnD(z)] + E

x↓pdata

[ln (1↑D {G(x)})]

= E
z↓p(z|ϖ→)

[lnD(z)] + E
z↓q(z|x)

[ln (1↑D {z})]
(11)

Ez↓p(z|ϖ→) [·] refers to the expectation function where the sample is drawn from deep clustering
space and Ez↓q(z|x) [·] refers to the expectation function where the sample is drawn from the latent
space. We refer to Lemma 2 for the claim on eqn (11).

Lemma 2 The adversarial net based deep clustering loss by DCAN can be shown to approach JSD
at optimum:

Proof: For brevity, we refer to p(z | ω→) and q(z | x) as p and q respectively. Optimal discrimi-
nator occurs when G is fixed, i.e. D = p

p+q . Substituting D, we define LHS and RHS in eqn (12)
below. When we subject p = q = 1 on both sides, we can validate the claim on eqn (11).

LHS : Ez↓p [lnD(z)] + Ex↓pdata [ln (1↑D {G(x)})] s.t. {D = p
p+q}

= Ez↓p [logD(z)] + Ez↓q [log (1↑D(z))] s.t. {D = p
p+q}

= Ez↓p

[
ln p

p+q

]
+ Ez↓q

[
ln q

p+q

]

=
∫
z p ln p

p+q + q ln q
p+q dz

RHS : DJS (p → q) = 1
2

∫
p ln 2·p

p+q + q ln 2·p
p+q dz

= 1
2

∫
z p

{
ln p

p+q + ln 2
}
+ q

{
ln q

p+q + ln 2
}

dz

(12)
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Adversarial net approaches JSD at optimum, as below
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Thus, LHS → 2RHS ↑ 2 log 2.

↭

A.5 IMPLEMENTATION OF DCAN

We can visualize DJS ( p(z | ω→) ↓ q(z | x) ) using Fig. 1. The discriminator tries to distinguish
samples from deep clustering space, z ↔ p(z | ω→) versus samples from the encoder output, z ↔
q(z | x). We train DCAN by using the two loss functions L1 and L2.

A.5.1 TRAINING THE DISCRIMINATOR

Assuming MLP structure xi ↑ hj ↑ zω for the encoder and zω ↑ hf ↑ yd for the discriminator,
the hidden layers are defined as hf , hj and zω . We train the discriminator by feeding it with 1...N
positive and negative samples. We refer to each n

th sample of x as x
(n). In the forward pass in

Fig 1, latent samples go to the discriminator through the two paths. Samples generated from deep
clustering space are positive (i.e. T = 1) and samples generated from the encoder are negative
(i.e. T = 0). We define the neural network output and target label as y = {0, 1} and T = {0, 1}
respectively. Both y and T have the same dimension d. Cross-entropy loss is defined for L2 and L1

using the following:

D = y
T (1↑ y)1↑T

L1 = lnD(z)
L2 = ln [1↑D(G(x))]

(13)

Discriminator training, T = 0: We run forward pass using eqn (14). The activation function for
each layer is represented as ε (·). As we seek sampling from p(z | ω→) instead of q(z | x), we set
T = 0 for D. We update the discriminator weight using ↗wε for weight wε = {wfd, wωf} in eqn
(15).

hj = εj

(∑I
i=1 wij · xi

)
, hf = εf

(∑Z
ω=1 wωf · zω

)

zω = εω

(∑J
j=1 wjω · hj

)
, yd = εd

(∑F
f=1 wfd · hf

) (14)

↗wε = ϑ
ϑwω

{
1
N

∑N
n=1 E

x(n)↓pdata

[
ln
(
1↑D

(
G(x(n))

))]}
(15)

Discriminator training, T = 1: The samples in the latent space displaces each time the encoder
weight changes. Thus, GMM has to be re-computed each time the weight is updated. After sampling
from GMM i.e. z ↔ p(z | ω→) and setting T = 1 to D, we perform forward pass using eqn (16) and
update the discriminator weight wε using eqn (17).

hf = εf

(∑Z
ω=1 wωf · {z ↔ p(z | ω→)}

)

yd = εd

(∑F
f=1 wfd · hf

) (16)

↗wε = ϑ
ϑwω

{
1
N

∑N
n=1 E

z(n)↓p(z|ϖ→)

[
lnD

(
z
(n)

)]}
(17)

A.5.2 TRAINING THE ENCODER

Encoder training, T = 0: The encoder q(z | x) maps x to z in the latent space. However, we seek
to minimize between q(z | x) and p(z | ω→). Meaning that we desire to produce a sample z from
q(z | x) that is as close as possible to the sampling from p(z | ω→). The discriminator path updates
the encoder weight wϱ = {wij , wjω} in Fig 1. Given N samples, eqn (14) compute the forward
pass. Then, eqn (18) computes the weight update for the encoder for T = 0.

↗wϱ = ϑ
ϑwε

{
1
N

∑N
n=1 E

x(n)↓pdata

[
ln

(
1↑D

(
G(x(n))

))]}
(18)
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However, no closed-form for JSD due to mixture distribution  !"#
$

1.2 Adversarial net based “X”
Their encoder-discriminator path is common, but discriminator 
input X is different.

3. Training DCAN

Discriminator weight update

Encoder weight update

Cross entropy loss


