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Data-driven SGS modeling
Applying a filter G to the NS equation: ũ = G ∗ u
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∂ũi
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closure term: τij = ũiuj − ũiũj.

(1)

Classical modeling: empirical models, i.e. Smagorinsky model;
Data-driven SGS modeling: solve a regression problem:
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∥∥∥2

. (2)
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generative SGS model

Observation on the SGS modeling dataset:
Data imbalance: a large potion of data has negligible magnitude.
Multivaluedness: multiple values of stresses correspond to a single input,
resulting in a large training error.
Solution to multivaluedness: modeling the closure term as a distribution

conditioned on the input

τ = ϕθ(u) → τ ∼ pθ(·|u).

max
θ

N∑
i=n

log pθ(τ (n)|u(n)) ⇐⇒ min
θ

N∑
n=1

(τ (n) − µθ(u(n)))2

2(σθ(u(n)))2 + log σθ(u(n)).
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Comparison with NN ansatz and Smagorinsky model ansatz
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(a) Regression ansatz: neural
network
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(b) Regression ansatz:
Smagorinsky
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(c) Probabilistic ansatz:
Gaussian
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